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ASTEROIDAL TRIPLES OF EDGES IN BICHORDAL 
GRAPH: A COMPLETE LIST 


ASHOK KUMAR DAS, RITAPA CHAKRABORTY, MALAY KUMAR SEN 


ABSTRACT : Three mutually separable edges of a graph form an asteroidal triple of edges (ATE) 
if for any two of them, there 16 a path from the vertex set of one to the vertex set of another that avoids the 
neighbours of the third edge. A bipartite graph is said to be chordal bipartite or bichordal if it does not 
contain a chordless cycle of length greater than five. In this paper we provide a complete list of minimal 
bichordal graphs containing an asteroidal triple of edges. 


Key words : asteroidal triple, bichordal, Ferrers digraph, asteroidal triple of edges(ATE) 
AMS Classification. 05C62. 


1, INTRODUCTION 


Three independent vertices in a graph form an asteroidal triple (AT) if for any two of them, there 
Is a path that avoids the neighbours of the third vertex. The motivation to work on this topic 
came from the study of interval graphs. A graph is an interval graph if its vertices can be 
put in а one-to-one correspondence with a family of intervals on the real line in such a way 
that two vertices are adjacent if and only if the corresponding intervals intersect. Àn interval 
graph has a linear structure in the sense that the set of its maximal cliques has a linear order 
[5]. Intuitively an asteroidal triple of vertices in graph allows a graph to "grow" in three 
directions. Proceeding along this line Lekkerkerker and Boland [10] proved that a graph 15 
an interval graph if an only if it is chordal and AT-free. Corneil, Olariu and Stewart [1, 2] 
have done excellent and extensive work on asteroidal triples. In [1] they have provided a 
complete list of AT-minimal graphs while in [2] they have studied thoroughly the structural 
properties of AT-free graphs. 


Ап interval digraph is a directed graph such that to every vertex v can be assigned an 
ordered pair (S,, Т) of intervals on the real line so that uv is a directed edge if and only 
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If 5, interesects Т.. An interval bigraph is a bipartite graph such that each vertex v can be 
assigned an interval on the real line so that two vertices in the opposite partite sets are adjacent 
If and only if their corresponding intervals interesect. These two models are essentially 
equivalent and have been studied in [3, 13, 14, 15, 16, 17]. 


Given a digraph D(V, E), consider the bipartite graph В = B(D) whose partite sets are 
two disjoint copies U and У of the vertex set V of D and let two vertices и and v in BD) 
be adjacent if and only if uv є E. Then it easily follows that D is an interval digraph if the 
corresponding digraph B(D) is an interval bigraph. The graph B(D) is called the split of D. 
On the other hand, B(U, И E) is an interval bigraph if the directed graph D(U O V, E) obtained 
from B by directing all the edges from U to V is an interval digraph. In [14], they were 
characterized in terms of Ferrers digraphs. А Ferrers digraph satisfies either of the following 


two equivalent conditions: 
1)  Successors sets (equivalently predecessor sets) are linearly ordered by inclusion. 
ii) The adjacency matrix has по 2 х 2 permutation matrix as a sub matrix. 
The adjacency matrix of a Ferrers diagraph is called a Ferrers Matrix. 


` A binary matrix with exactly one 0 is a Ferrers matrix. Hence every digraph is the 
intersection of finitely many Ferrers diagraphs. The minimum number of Ferrers digrphs whose 
intersection is D is the Ferrers dimension of the digraph D, written fdim(D). The bipartite 
analogue of a Ferrers diagraph is a Ferrers bigraph and fdim(D) is also the Ferrers dimension 


of the corresponding bigraph. 


Analogous to the notion of a containment graph [7, 8], a containment digraph is 
introduced and studied in [16]. Ап interval containment bigraph or simply a containment 
bigraph is a bipartite graph B(U, V, E) for which there are two families of intervals (S, : u 
є U] and (T, : v e V] such that u є U is adjacent to v e V iff 5 contains Т. An interval 
bigraph is of Ferrers dimension at most 2; but the converse is not true [14]. A containment 


bigraph is exactly what characterizes a bigraph having Ferrers dimension at most 2 [16]. 


А bigraph is chordal bipartite or simply bichordai [6] if very cycle of length > 6 has 
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a chord. It is to be noted that every cycle of length 2 6 is of Ferrers dimension z 3. Consequently 


it follows that a bigraph of Ferrers dimension at most 2 is necessarily bichordal. 


Motivated by the characteriation of an interval graph in terms of AT's [11] Müllar 
introduced the interesting notion of an asteroidal triple of edges. A pair of edges x,y, and x,y, 
of a bipartite graph H(X, Y, E) is separable [6] if the corresponding vertices induce the subgraph 
2K, in Н. A bigraph containing at least one pair of separable edges is separable; otherwise 


it 15 non-separable. It is clear that a bigraph is a Ferrers bigraph if and only if it is non-separable. 


Three mutually separable edges e}, ёл, e, of a bigraph are said to form ап asteroidal 
triple of edges (ATE) if for any two of them there is a path joining a vertex of one edge and 
a vertex of another that avoids the neighbours of the third edge. This is slightly modified version 
of the definition given by Müllar; we have added the extra condition that the three edges must 
be mutually separable. In our defination a chordless cycle of length > 10 has an ATE, while 
a cycle of length € 8 has no ATE. 


In [11] Müller had shown that interval bigraphs are ATE free. In [4] it is shown that 
bigraphs of Ferrers dimension < 2 (which includes interval digraphs) are ATE - free. It is also 
shown there that the convers is not true. In a step towards studying the structural properties 
of ATE-free bigraphs, in this paper we start with bichordal graphs and provide a complete 
list of ATE minimal bichordal graphs in the sense that they contain ATE's and are minimal 


with this property. In the process we follow the method as adopted in [10]. 


4. MINIMAL BICHORDAL GRAPHS CONTAINING ATE'S 


In this section we determine a minimal set of bichordal graphs with the property that any 
bichordal have an ATE if and only if it contains a graph of this set as an induced subgraph. 
А complete list of these bigraphs is given in Fig 1. We have also indicated the three edges 
which constitute an ATE, in each graph (as bold edges). 


Theorem. A bichordal graph has an ATE if and only if it contains any of the graphs of Fig 


l, as an induced subgraph. 


We first prove the following lemmas. 
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Lemma 1. Let Н (X, Y, E) be a bichordal graph and let x,y x;y, ..... х,уүух(823) be a cycle 
in Н. Then of the four consecutive vertices x, Ур х, y; 


i) хуу, is a chord in the cycle. 


1 


Or й There is a chord incident to any of y, and x, in the cycle. 


Proof : We prove the lemma by induction on К. For 453, the lemma is obviously true, since 
H is bichordal. We suppose that the lemma is true for any cycle with number of vertices less 
than 2k, Let C = xyyx;y......x,y, (К>3) be a cycle in Н, and let there be no chord incident 
to either у 'or x,. Since Н is bichordal, there must be a chord joining a vertex of (ДУ, y... y, 
and a vertex of (Ху Xp = XQXjj. Thus we get a shorter cycle containing the vertices х,у; 
and х, having the number of edges less than 2k. So by hypothesis x,y, is a chord in the shorter 


cycle and hence is a chord in C. 
A path xjy,x;y4.....xyy, in a bichordal graph H(X, Y, E) is chordless if it is the induced 
subgraph of Н induced by the vertices {хь Ур Xp y; -Xp yy. 


Lemma 2. Let H(X, Y, E) be a bichordal graph, xy xy 3x,.....x,yyxo be a cycle and y xjy;x; 
.. Y, a chordless path W in Н, then хуу € E for all y, 2 S i S k — I. 


Proof : By lemma 1, with x, instead of ху, we have x,y, є E, since the path уху, .....x,y, 
is chordless. And repeated application of lemma 1 to shorter cycle proves the lemma. 
Now, we are equipped to prove the theorem. 

Proof of the Theorem : Necessary part of the theorem is trivial, because each graph of Fig.1 


has an ATE. For sufficiency, we have to show that if H is bichordal but not ATE-free then 
H must 


In (n > 9) Па (n210) 
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Шп (n210) IV 


V VI 
Fig. 1 
contain one of the graphs of Fig. 1 as induced subgraph. So the proof of the theorem will 


be complete if we show that every bipartite graph H having the following properties: 
1) H is bichordal, 
2) Н contains an ATE, 
3) H is minimal, i.e., no proper sub-graph has an ATE; 
then H is one of the graphs of Fig. I. 


Let a bipartite graph A(X, Y, E) satisfy the properties (1)-(3) and suppose that {e,, е,, 
ез} is an ATE of H. Let W, W, ҮР, be the three paths such that 


a) №, connects two edges e, 7 + i) 
b) e, has no neighbor in W, where i = J, 2, 3. 


Now we may consider the three paths W, as chordless and condition (3) implies that 
Н is the union of three paths W,, W, and W}. 


Again, minimality of Н implies that each path W, contains only one neighbor of e, 
(j # i). So each е = ху, has at most two neighbors in H. If у, and x’, are respectively the 


neighbours of x, and y, then lemma 1 implies хуу, € E. 
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Now we have to consider the following cases: | 
Case 1: Each efi = J, 2, 3) has exactly two neighbors. E 
Case 2 : One of the edges has exactly one neighbor. 

First, we study case 1. Here we have four sub-cases. 

Case 1.1: Each e, has two neighbours incident to two different vertices of е. 


Case 1.2: One e € {e,,€,,€3} has two neighbours adjacent to same endpoint of e and 
the two edges іп (ej,e,,e,) e) have two neighbours incident to different vertices of {е}, е, 
ез) Mel. 

Case 1.3: Two edges in {e}, е,, ез} have two neighbours incident to same vertex and 


the remaining edge has two neighbours incident to-different vertices. 


Case 1.4 : Each e, (i = 1, 2, 3) has two neighbours incident to same vertex of е. 


First we consider the case 1.2. In this case we have two possibilities; 


«үзэх 
3 v 
af “Re 


i) both ends of all W, are in the same partite set of vertex, and 


ii) both ends of one W, are in same partite set of the Vertex and two ends of other 


two W, are in opposite partite set. dE 
In case 1.2.i suppose each W, is given by "T tex 

W, = х,у, ...узха Wa = yx, X y, and W, = уух... х,у. We must.not exclude 
the case that x’, = x» x") = xy, y 5 = Уз COS V. 


And in this case we say the corresponding path is short. 
Xi 


У! 


x 
x < 
a M 
"4 ^ 
X3 Я ^ X; 
y2 
4 ys” 


А Xj X2 
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So we have the situation of Fig. 2.1. Here the paths W, may have interior vertices in 


common. 
Now we shall show that the paths W, and W, are short. If these two parts are not short 


then applying lemma 1 to the cycle 
Уух |. Хуу... Уз зх рур we see that there always exists a sub-graph of the graph 


H of Fig. 2.1 which contains an ATE, i.e., Н is not minimal. So, this contradiction implies 


that W, and W} are short. 
Thus we arrive at the situation of Fig. 22. Now, if x,y’, e E then the three edges 
еу, ез and x,y’, form an ATE of Н/{у,}. So minimality of Н implies that x",y' є E. Again 


applying lemma 2 to cycle x”,y’, ... у зх", we have x",y e E for all y e W,. Similarly we 


can show that хүу € E for all у e W,. Then Н is form І. 
From the remaining possibility we can check that no new minimal graph containing an 


ATE can be found. 20 
Case 1.3 In this case we also have two possibilities (а) two end vertices of two W, are 


in same partite set of vertex set and (b) two ends of all W, are in the opposite partite set of 


vertex set. 
In the first case (Fig. 3.1) let each path W, is given by 
WF X oca Xy Wo = ууд ve ш x aa Wa хуу pene Y 4x». 


Х) y 





X3 


* + эмээ ын (8 m 
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Here у, # у", and also x’, # x",. But it may happen that у, = y^, and x’, = x”, and 
in that case we say the corresponding path is short. (The path W, will be called short if x’ 
є E) 


Now as before we can show that the paths W, and W} are short. Since otherwise applying 


7 
ЗУ 2 


lemma 1 to the cycle x,y’, ... ХзуХ у... хуу... ух, we find that there always exist а 
subgraph of Fig. 3.1 containing an ATE. Thus we have the situation of Fig. 3.2. 

Observe that x’,y’, must belong to E, since otherwise the set {e}, ёо, ху |} of edges 
is an ATE of H/{x,}. And then by lemma 2, у хє E for all xe W, similarly we find that x’ ye Е 
for all ye W,. So H is of the form П. 


Similarly, in the other cases it can be verified that no new minimal graph containing 
an ATE will be found. 

Case 1.1 in this case also we have two possibilities (a) two ends of all W,’s belongs 
to opposite partite set of vertices and two ends of the remaining W, belong two opposite parity 


of vertices. 
In case 1.1.а suppose each W, be given by 
Wi = ху uxo 2 ER sce X aya, Wa = X4y ужен xy. 


Here we must not exclude the possibility that ху, х;у, х |у, may belong to E. And 
in this case we say that the corresponding path is short. 


Now, the three vertices x’,, x’, and x’, are pairwise different (as e, as no neighbour in 
W). And this is also true for the vertices у, Ул, Уз. So we have the situation of Fig. 4.1. 
But the paths W, (i ^ 1, 2, 3) may have interior vertices in common. 





Ио ох Уг E 
MEZ | 
х! y2 
| 
yy’ | 
sx | 
Р ` гт , 
Я Wi 
A 2 \ 
хз” КЖЕ. " 
¥3 X3 \ 
Fig. 4.1 
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As before we can prove that at least two paths W, i= 1, 2, 3 are short. Let the paths 
W, and W, be short. Thus we have the situation of Fig. 4.2 

Now, if х [уз € E, then (ej, е, ху} is an ATE of H/(y4). So minimality of H implies 
that x,y’, € E. Similarly we have x;y',e E and xay E E. 


Again if W, is not short then {e,, ej, хуз} is an ATE of H / {уз}. So, W, must be 
short and consequently H is of the form of Fig. 4.3. 


But the graph Н of the Fig. 4.3 is not minimal. Since H / (x, уз} contains an ATE. 
Thus we have no graph satisfying properties (1), (2) and (3) in this case. 





Ї f 
Уз Х2 


Fig. 43 


Case 1.4. We have similar conclusion in this case also. 


Case 2. Let e, = x,y, has only neighbour, say y’,. If y', has no neighbour in W, then 
(ej, е and хуу |} is an ATE of Н / {у}. So, y', must have some neighbour in W,. Now we 


distinguish the following sub-cases. 


Case 2.1. y', has k 2 2 neighbours in W,. Let x’, and x" be the first and last neighbour 
of y', in the path у, ... ... У X" ... Уу (v, and v, are respectively any vertex of e, and е,). 
Becasue W, is irreducible so the portion x’ ... x” of W, is also irreducible and we can apply 
lemma 2. Again y', is not a neighbour of e, and e}. So it follows that Н contains a graph 
Пп, 
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Case 2.2. y', has only one neighbour xy € W,. Then necessarily x; € W,, xp € Wn, and 


ху € W}. Also xy is not a neighbour of e, and e}. So, Н contains the graph IV. 


Case 2.3. y', has only one neighbour x, € W, and also has only one neighbour x’, other 


j 
than xy and x, and say, хү € W}. 


Here we have two possibilities (i) е, has two neighbours v’, and v”, incident to different 


vertices of e, (ii) e, has two neighbours incident two same vertex same vertex of e,. 


We write 





Fig. 5.1 Fig. 5.2 


We denote the portions v^, ... ... y and y" ... ... v4 of W, by W, and W, respectively. 


First we shall show that the portion у, ... Хү of W, does not contain a vertex v. such 


that уу € E for any vertex у e W, If possible let such v exist; then we can replace W, and 
W, respectively by 


W y = SY sse УУ... У Зуу (does not contain ху) 


goo y XC ae Py УЗУ» (does not contain xp) 


ASTEROIDAL TRIPLES ОЕ EDGES IN BICHORDAL GRAPH: A COMPLETE LIST 11 


Then we can easily check that {e,, e, ej is an ATE of H / {хуу (actually H / (x) 
contains the graph IV). Thus by the minimality of H we must have уу ¢ E. 


Now, we apply lemma 1 to the cycle ух", ... ... Уу. Y^ ey Xgy үр 


Since y', has no neighbour in W, (other than ху) so x, or у must have neighbours W}. 
If xy have neighbours in W, then Н must contain the graph Ши i.e., we have no new graph 
containing an ATE in this case. But if xy has no neighbour in W3 but у has one neighbour, 
say, x in W, then by repeated application of the lemma 1 to the shorter cycles у (хуу х... X 
we find that the graph Н contains the structure Ў. 


Case 2.4 у, has two neighours x’ and x" other Шал x, € W, and x, where х e Ў; 
and x" є W,. Here we suppose that both e, and е, have two neighbours incident to the same 


vertex of e»(e.). 


[п this case similarly we can prove that if v e W, and у € W, then vv ¢ E and if 
v € W, and y" € W, then also yy” € E. Also if v" € W, Уг e W, then v"v"' € E. Since 
Po Hg; 


if v’v"’ e E then we can replace W, by W', = v, ... ... y y" * ... у; Which does not contain 


Xo. бо (ej, €, ез} is an ATE of Z/(xgj which contradicts the minimality of H. 


€3 
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Next applying lemma 1 to the cycles. 


f t 7 t ! t м ч 
Уруу sos. у", .. ху, and уху"... УУУУ"... ...Х уу as in the previous case we 


find that Н contains the graph VI. 


10. 


11, 


In the other possibilities also we can find that Н contains the graph VI. 


This completes the proof of the theorem. 
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SOME RESULTS IN A KAHLER MANIFOLD 
EQUIPPED WITH A SEMI-SYMMETRIC NON-METRIC 
CONNECTION 


В.В. CHATURVEDI AND P.N. PANDEY 


ABSTRACT : In the present paper we have studied unit parallel vector field and Kiling vector field 
in a Kahler manifold equipped with semi-symmetric non-metric connection. We have also obtained certain 
results for curvature tensor and Lie derivative with respect semi-symmetric non-metric connection. 


2000 Mathematics Subject Classification : 53C15. 


Key words : Semi-symmetric non-metric connection, Kahler manifold, Unit parallel vector field, Killing 
vector field. 


1. INTRODUCTION 


Cengizhan Murathan and Cihan Ozgur [1]discussed the Riemannian manifolds with a semi- 
symmetric metric connection satisfying some semi-symmetry conditions. Also the Riemannian 
manifold equipped with a semi-symmetric metric connection have been studied by O.C. 
andonic [3], М.С. Chaki and A. Konar [4], U.C. De [5] etc., while a special type of semi- 
symmetric metric connection on a weakly symmetric Riemannian manifold has been studied 
by U.C. De and Joydeep Sengupta [6]. A Kahler manifold equipped with semi-symmetric 
metric connection, a semi-symmetric non-metric connection on a Kàhler manifold and an 
almost Hermitian manifold with semi-symmetric recurrent connection have been studied by 
P.N. Pandey and B.B. Chaturvedi [7, 8, 9]. Nirmala S. Agashe and Mangala R. Chafle [2] 
have studieds emi-symmetric non-metric connection on a Riemannian manifold in 1992. Let 
M, be an even dimensional differentiable manifold of differentiability class C"*!. If there 
exists a vector valued linear function F of differentiability class C" such that for any vector 
field X. 
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(1.1) X +X = 0. 

(2) 48 ¥)= «50, 

and 

(1.3) (D,F)Y = 0. 

where Y = FX, g is non-singular metric tensor and D is the Riemannian connection, then 


M, is called a Kühler manifold. We define another linear connection V for two arbitrary vector 
fields X and Y such that 


(14) У, = Dy¥ + ao()Y + bo(Y)X. 


where @ is a l-form associated with an unit vector field р which is parallel with respect to 
Ricmannian connection D and defined by w(X) = G(X, p). Here a and b are non-zero real 


or complex numbers such that a = Ё. 
Putting 5 Z) in place of Y in (1.4), we have 


(1.5) (Ууд)(® 2) = -ae(X)g(Y, Z) – bo(Y)g(X, Z) — bo(Z)g(X, Y). 


which shows that the connection V is non-metric. 


2. PARALLEL UNIT VECTOR FIELD 


A vector field U is said to be a parallel unit vector field with respect to the Riemannian 


connection D if 

(2.1) DU = 0, and ||| = 1. 

Putting Y = U in equation (1.4), we have 
(22) УО = D4U + аш(Х) 0 + ba(U)X. 
Using (2.1) in (2.2), we have 


(23) V,U = aw(X)U + bX. 


16 В.В. CHATURVEDI АМР P.N. PANDEY 


Using o(X) = GX, U) in equation (2.3), we can write 
(2.4) o(V ,U) = ав(Х)ю(0) + bo(X). 

Again using (2.1), we have 

(2.5) o(V ,U) = (a + b)o(X). 

This implies, 


(2.6) VU = (а + b)X. 


Now, we conclude: 


Theorem 2.1. Jn a Kahler manifold equipped with semi-symmetric non-metric connection V, 
if U be a unit parallel vector field with respect to Riemannian cónnection D then it will be 
parallel vector field with respect to semi-symmetric non-metric connection V if and only if 


а = ~р. 
Putting 2 = U in equation (1.5) and using (2.1), we have 
QD (УЕ U) = 4a + DX) - bg(X, Y). 
Therefore, we can state that : 
Theorem 2.2. In a Kühler manifold equipped with semi-symmetric non-metric connection V, 


if U is a unit parallel vector field with respect to Riemannian connection D then (V ,g)(Y, 
U) is symmetrical in X and Y. 


3. CURVATURE TENSOR 


From (1.4), we have 
(3.1) V,Z = DyZ + ao(Y)Z + bo(Z)Y. 


Replacing Y for VyZ in equation (1.4), we have 
(3.2) V,V,Z ууу? + ao(X)V,Z + bo(V,Z)X. 


SOME RESULTS IN A KÁHLER MANIFOLD EQUIPPED 


Using (1.4) In (3.2), we have 
(3.3) VV yZ = DyDyZ + a(Dyà)(Y)Z + ao(D,Y)Z + ao(Y)D4Z 
+ b(D,0)(Z)Y + bo(D,Z)Y + bo(Z)D,Y 
+ aQ(X)D,Z + a^o(X)o(Y)Z + abo(X)o(Z)Y 
+ bo(D,Z)X + abo(Y)o(Z)X + b^o(Y)m(Z)X. 
Interchanging X and Y in the above equation, we get 
(3.4) VyV4Z = DyD,Z + а(ую)0)2 + aw@(DyX)Z + ao(X)D,Z 
+ b(Dyo)(Z)X + bo(Dy,Z)X + bo(Z)D,X 
+ aQ(Y)D,Z + a^o(Y)G(X)Z + abo(Y)o(Z)X 
+ bo(Dy,Z)Y + abo(X)o(Z)Y + b^o(X)m(Z)Y. 
From equation (1.4), we may write 
(3.5) Vix yZ = Dy yZ + ад(Х, Үр2 + ba(Z)[X, Үр 
Subtracting (3.4) and (3.5) from (3.3), we have 


(3.6) R(X Y) = RX, YZ + POWY — e(Y)xjo(Z). 


Since U is unit parallel vector field with respect to Riemannian connection therefore 


(3.7) R(X YU = 0. 

Now putting Z = U, in (3.6) and using (3.7) and (2.1), we have 
(3.8) R(X, YU = P'[e(X)Y – eX], 

which implies 

(3.9) R(X, YU = R(X XU, 


which conclude: 
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Theorem 3.1. In a Kahler manifold equipped with a semi-symmetric non-metric connection 


V, if U is a unit parallel vector field with respect to Riemannian connection D then 
() R(X HU = RY XU 


(i) R(X, DU = 0 if and only if o(X)Y = o(Y)X. 


4. KILLING VECTOR 


A vector field V is said to be a Killing vector field if Lie derivative of the metric g with 


respect to V vanishes, i.e., 


(4.1) Lyg = 0. 


Now Lie derivative of Riemannian metric *(X, Y) with respect to semisymmetric non-metric 


connection V is given by 


(4.2) (1,900 V = 7,90 D- GLX Y) - ge E». 
Equation (4.1), implies 

(4.3) (LygX, Y) = VAX Y) - “ИХ, Y) - AX, [V Y). 
From the above equation we have | 

(4.4) (Lyg(X, Y) = VAX Y) - AV- VyV], Y) 


+ «X, [VyY — VyV). 
Which implies 
(4.5) (LygXX Y) = УЯХ, Y) - «VyX, Y) 
+ ФУ Y) + AX VY). 
- KX, Vyn). 
Now we know that 


(4.6) 040 Y) - KV XY) - KX, V) = 0. 
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Using (46) in (4.5), we get 
(4.7) EIX Y) = (Vg, Y) + үй Y) + AX, УУУ). 
Using (1.4) and (1.5) in (4.7) gives 
(4.8) (LygXX, Y) = -ao(V)g(X, Y) - boQ0g(V, Y) 
- bo(Y)g(V. X) + g(D,V + ao(X)V 
+ba(V)X, Y) + gX, DWV + ao(Y)V + bo(V)Y). 
Equation (4.8) implies 
(4.9) (LygXX, Y) = -ae(V)g(X, Y) - bo()g(V, Y) 
-80(7)9(7, X) + ao(&)g(V, Y) 
+ g(DyE, Y) + bo(V)g(X, Y) 
+ G(X, D,V) + ae(Y)g(X, V) *bo(V)Vg(X, Y). 


Similarly Lie derivative of Riemannian metric GX, Y) with respect to Riemannian connection 


D is given by 

(4.10) „ФОХ, Y) = KDV, Y) + KX, Ру) 

Subtracting equation (4.10) from (4.9), we get 

(4.11) (LygXX, Y) – (уд, Y) =- ae(V)g(X, Y) - bo(X)g(V, Y) 
- bo(Y)g(V, X) + ao(X)g(V, Y) 
+ bo(V)g(X, Y) + ao(Y)g(X, V) 


+ bo(V)g(X, Y). 
Putting U in the place of V in equation (4.11) and using (2.1), we get 
(4.12) Lu Y) - up (X, Y) = 2(a - baot) + Qb -aga Y) 


Thus, we conclude: 
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Theorem 4.1. /f V be a killing vector field with respect to the Riemanian connection D ina 
Kahler manifold equipped with semi-symmetric non-metric connection V, then V is a Killing 


vactor field with respect to the semi-symmetric non-metric connection V if and only if 
(4.13) 2(a — b)w(X)@(Y) + (2b — a)*(X, Y) = 0. 
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FIXED POINT THEOREM FOR ASYMPTOTICALLY 
REGULAR MAPS IN 2-BANACH SPACE 


NEERAJ MALVIYA, PRABHA CHOUHAN 


ABSTRACT : The object of this paper is to obtain unique fixed point theorems for asymptotically 
regular maps in 2-Banach Space using generalized contractive condition. 
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1. INTRODUCTION 


Considerable attention has been given to fixed points and fixed point theorems in metric and 
Banach space due to their tremendous applications to mathematics. Motivated by this work, 
several authors introduced similar concepts and proved analogues fixed point theorems in 
2-metric and 2-Banach space as cited in the papers of the following authors. Gahler ([2], [3]) 
investigated the idea of 2-metric and 2-Banach spaces and proved some results. Subsequently, 
several authors including Iseki [5], Rhoades [7], and white [9] studied various aspects of the 
fixed point theory and proved fixed point theorems in 2-metric spaces and 2-Banach spaces. 
On the other hand, Cho et al. [1] investigated common fixed points of weakly computing 
mappings and examined the asymptotic regular property їп 2-metric space. Panja and Baisnab 
[6] studied asymptotically regular and common fixed point theorems Saha et al. [8] proved 
fixed point theorem for mixed contraction using asymptotically regular property in a 2-Banach 


space. 


In spite of the above work, the asymptotic regularity and fixed point theorems on a 
2-Banach space need more investigation. So the major objective of this paper is to study some 
fixed point theorems for generalized contraction mappings from Gopal and Ranadive [4] 


possessing the asymptotically regular property in a 2-Banach space. 
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2. PRELIMINARIES 


2.1. Definition. Let X be a real linear space and || .,. || be a non-negative real valued function 


defined on X x X satisfying the following conditions: 
D |. vil = 0 if and only if x and y are linearly dependent in X, 


i) lx yl = ly xl| or all x, y e X 





iii) |х, ау = | a | llx, yl a being real, x, y e X 
iv) |; y + 32| < lx yl + le zi for all x, y ze X А 
Then || .,. || is called a 2-norm and the pair (X, ||.,.||) is called a linear 2-normed space 


Some of the basic properties of 2-norms are that they are non negative satisfying ||х, 


y ах = |х, yli, for all x, у e X and all real numbers а. 


2.2 Definition. A sequence {x,} in a linear 2-normed space (X, |.,.1) is called Cauchy sequence 
if 


lim Ea — x,, И = 0 for all y in X. 


m,n—»o0 


2.3. Definition. A sequence {x,} in a linear 2-normed space (X, ||.,.||) is said to be convergent 


if there is a point x in X such that 


Шах — x, yl = 0 for all y in X. 


HPO 


If {x,} converges to x, we write {x,} — x as n — о. 


2.4. Definition. A liner 2-normed space X is said to be complete if every Cauchy sequence 


is convergent to an element of X. We then call X to be a 2-Banach space. 


2.5. Definition. Let X be a 2-Banach space and T be a self-mapping of X. T is said to be 
continuous at x' if for every sequence {x,} in X, {x,} —› x as n — œ implies (7(x,)) > Tœ) 


as n — co. 
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2.6. Example. Let X is R? and consider the following 2-norm on X as 


i j k 
Уу 3 


where x = (xj, x4, хз) and y = (y,, Ул уз). Then (X, ||... |) is a 2-Banach space. 


2.7. Example. Let P, denotes the set of all real polynomials of degree < л, on the interval 
[0, 1]. By considering usual addition and scalar multplication, Р, is a linear vector space over 
the reals. Let (xy, Хү, өөө Хэд) be distinct fixed points in (0, 1] and define the following 
2-norm on P, : |5 gil = уз ан (xg, whenever f and g are linearly independent and 


| 7 g || = 0, if f gare linearly dependent. Then (Р, ||... |) is a 2-Banach space. 


2.8. Example. Let X is Q?, the field of rational number and consider the following 2-norm 


on X as: 


i j k 
A 2 23 


where x = (Хү, x4, x4) and y = (yj, Ул, Уз). Then (X, || .,. |) is not a 2-Banach space but a 
2-normed space. 


2.9. Definition. (Asymptotic regularity in 2-normed linear space) Let (X, ||...) be a 2-normed 
linear space with 2-norm ||.,.]|. A mapping T of X into itself is said to be asymptoticaly regular 


at some point x in X if 
lim +1 Аа 
dim | ma) — PQ), a |= 0 


For all a є X, where 7"(x) denotes the n-th iterate of T at х. 


The result of Dhananjay Gopal and А. S Ranadive [4] is given below 


Theorem 2.1. Let (.X, d) be a complete metric space and Т' a self map satisfying the inequality: 
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dix, Ty)-- diy, Т. 
d(Ix, Ty) < а max as y) d(x, Tx), а(у, Ту), йыр бру 


for ай x, y in X, where a € (0, 1). If there exist an asymptotically T-regular sequence in X, 


then 7 has a unique fixed point. 


3. MAIN RESULTS 


3.1. Theorem. Let (X, || .,. | be a 2-Banach space and T be a mapping of X into itself such 
that for every x, y a є X satisfying 


Х- а|+||у—Т\х) a 
д-т) аса max ха гт а}]›-т) of PRLS 7841, 


1) 


where о € (0, 1). If T is asymptotically regular at some point in X, then T has a unique fixed 
point in X. 


Proof: Let Т be asymptotically regular at xy € X. Then for positive integers m, n 


(хо) — P(X), а| = Tm xy) mm ir ic S а| 


com 





Т"-(хо)-Т”(хо) a 








PH) PU) al 








Т"”-Цхо)-Т”(хо)а | 








| 


Ir)" E) altl T)" e) | 


2 











Т" (х) T"Go) a]. 








seme Печати гч) | 


|77769)- 7" (xo), al, 





Г" (o) -Т”(хо)уа | 
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[r7 ()- 7^6) a[*]|r76)- 776) 2| [r7 63) 7" 63) ытым 
2 


<а т" (х) aera a|*|7"(x,)- 1-55). а|+|Т"(х,)- ТЭЭХ) all 
=> (1-2) |" (x) = (о), all со ||" (9) - To) af] |T (9) - "7 (9). af} 


|) (о) а «1 {|1 69 7" 694] +] 720) - 7769. al} 


1-0 





where Q < 1. 


Which tends to 0 as m, n — ©, since T is asymptotically regular in X. Then (7"(xyj is a 


Cauchy sequence. Since X is a 2-Banach space, 
lim 7"(xy)-ue X 
noo 

Then 


га) | 


| 


4-70) а || -т"(о)6|» 








Т”-(х0)-Т"(х0) al, lu —T(u) al 











T) u, a 








<| u — T" (xo) al + атах 


| 








Т" (хо) T(u) а|+|и-Т"(х) 4|| 
р 6 


Letting limit n — œ we get 
lu — Ди), aj < о fu — Ди), al 
=> (1-0)|и-10),а|50 
- |lu — Қи), a| = 0 (As с < 1) 


=> и = Ци) 
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Uniqueness : Let u # v with 7(v) = v for yv = X 


Then 


lu — уа = | ш) — Ду), al 
S и — v all + œ max [u-v alba T6) al ]v - 7G). al 


|| и - Т(у) а) + |у - T(u) 4|| 


2 
=> jju val sa |u - v, al 
—(1-olu-»v»a|s0 
=> |и- у al = 0 (As a < 1) 
gives a contradiction. Hence и = у 
This completes the proof of the theorem 3.1. 
' 3.2. Theorem. Let (X, || .,. ||) be a 2-normed space and Т be a mapping from X into itself 


satisfying (3.1.1). If Т is asymptotically regular at some point in x є X and the sequence of 
iterates (7"(x)) has a subsequence converging to a point z є X, then z is the unique fixed 


point of T and {7"(x)} also converages to z., 


Proof. Let 
lim 7^*(x)- z 
Куо 
Then 
lz-r( al» lz - 77€ (9) а|+ т") The) al 














5 | - T^* (x a|*a max 








T" (x)- z, al, 











: |=-7(=)а| 


3 


[r= (т) (е) a|+|2-7""@) а | 


2 


T" (x)- dui (x), | 
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Letting k — e» we get 

lz — TG), al] S а |2 — TG), al 
> (1 ~ œ) – Д2), aj S 0 

> |е - T(z), al) = 0 (As a < 1) 
= z = Т) 


Uniquencess of 2 follows very immediate. 


memet 


Next 


lz — Tœ), all = |10) — T" (x), al 


























comes fe p all, ||z- T(z) (x) -7"(x), а 
2 
<amaxi|z- Pa) alje [E-ra а) аў, 





| 
=«{|:-т'(х),а|+|Т(дф-Т'Цх),а|} tas Te) = 2 


=> (1- a) |2 – T"G), all < © Pœ — T'E), all 


= le- ТОО, all 5 үс. М") - ТЕ), al 
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Which tends to 0 as n ә œ, since Т is asymptotically regular in X. Thus 


lim 7"(x)-«z 


n> 


3.3. Theorem, Let (X, d) be a 2-Banach space and (1) be a sequence of mapping of X into 
itself satisfying 


Ir)- 9» 4| ань хай -т 00). 


lx 0a] [2 206), а] 


2 (3.3.1) 


for every x, y a € X, and ес (0, 1). Suppose T(x) = lim, ,, T; (x) for all x e X. If T is 


asymptotically regular at some point x є X, then T has a unique fixed point in X. 


Proof : Let Pœ) = lim, pe T(x) for xy € X. Then for positive integers m, n 


[39 7 J 








[7769 - 7769.4] (7" а) - (777 69)) 4 
саах [77769) 17769). [7769-7694] | 769 - 17694] , 


I7 16-769. «| [7e а) а] 


<атах}[Т ж) - 7769] Д о 7769.4] | 69-777 69.2] | 


177769) - 77 9) a [77 о) - (о), а. 
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| 


«| 




















< a [I (9) - 17 (х) +T” (xo) - 77 (x9). а| + I7 xo) - T; ху), 3 
э(-0) (о) -ohasa Мөр (xo) a] * ul Co) a] 
»| 69- а) а |та eo- 7769.4]  бд-17 oal] 


where a < І. 


Letting j — оо we get 


|") - 769.4] (155) 


where @ < 1. 








1*7 (x) Pao) a+ [T*69) - 77694] 


Let T be asymptotically regular at some point x, є X. Then right hand side of the 
inequality tends to 0 as m, n — œ and hence {T(x} is a Cauchy sequence. Then by 


completeness of X, 
lim 7Z"(x)) -ue X 
Ho) 
Then 


|u- T(u), а| < |v- T" (xo), а|+ In хо)-Т" (хо), al|+ 








Т" (х) Т(и), а (3.3.2) 
Now 
| Т" ху) — Т(и), a| < а тах | | T" (xg) — u, а|, | T" (xo) — Т” (ху), al, |u -1 (uall, 


C 
р UPN 


v 7 
Ж | CENTRAL | Ж 
^ LIBRARY |, 
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Пт") 62.2] + Ju 7769.4] 
A 








(3.3.3) 
Then from (3.3.2) and (3.3.3) we get 
|u- T(u), a| < lu- T" (xg), а| + [тб —Т"“ху), а | 
+ amax rs) a [r6 7769) 2] к-та} 
[r9 169 4] [к-ту 
2 (3.3.4) 


Taking limit of (3.3.4) as n — œ we get 
lu — Tt), all < с lju — и), all 
and thus we obtain u = 7(u). 
The proof of uniqueness of u is similar to that proved in Theorem (3.1) 
This completes the proof of the theorem 3.3. 


Some Related examples :-Following examples show that our theorems 3.1, 3.2. and 3.3 


respectively. 


Example 3.1. Let X = R? and consider the following 2-norm on X as ||х, y| = |xjy — х) 
where x = (ху, х,) and y = (y,, y). Then (X, |l.) is a 2-Banach space. Define self map T 


on X as follows 7x = = for all x. Clearly T is asymptotically regular for all хє X. If we 


take @ = i the contractive condition (3.1.1) of theorem 3.1 holds trivially good and 0 is the 


unique fixed point of ће map. F... `' 
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Example 3.2. Let X = (07, the field of rational number and consider the following 2-norm 
on X as ||x, У| = (х,у, – х,у where x = (xj, х,) and y = (уџ, yj). Then CX, ||...) is a 2-normed 
space. Define self map T on X as follows 7x = for all x. Clearly Т is asymptotically regular 


for all x e X. Let ea be the sequence of iterates has subsequence ET о where 
2 JneN 2 J nkel 


P is a set of positive odd integer which converges to 0. If we take о = + the contractive 
condition (3.1.1) holds good and 0 is the unique fixed point of T and sequence ax " also 
neN 


converges to 0. 


Example 3.3. Let (X, ||... |) be 2-Banach space (defined in example 3.1). Define self map 


on X as follows 7x = A for all x. Clearly Tis asymptotically regular for all хє X. Let uj, oN 


E ON 
be the sequence of maping where T, = 244. then it is obvious that 


J 
T"(x)= lim 77(x) for all x e X. 
j>% 


If we take a = i the contractive condition (3.3.1) of theorem 3.3 holds good and 0 is te 


unique fixed point of the map 7. 
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ABSTRACT : The purpose of the present paper is to find certain geometrical properties of the 
hypersurface of the Finsler space with an exponential (о, B) Metric ас? Ta 
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1. INTRODUCTION 


Let Р" = (M", L) be an n-dimensioal finsler space equipped with the fundamental function 
L(x, y). The normalized supporting element, the metric tensor, the angular metric tensor and 
Cartan tensor are defined by 


1 = 5,1, By = 43,0 1158 hy = 15,8 jL and Cik -4,8) respectively, where д, = 26. The 


oy! 


Cartan connection in Ё" is given as CT = [Fi G5, i]. The Л- and v-covariant derivatives 


of a covariant vector X (x, y) with respect to the Cartan connection are respectively given by 
X; 28;,X; -l2,X,]G? — ЕХ 
(1.1) ИРТӨЄРЧ TIENDE, 


(1.2) and X; -2,X; - Cj X,, 


nU. 
where д j^»: 

A Finsler metric L(x, y) is said to be (a, B)-metric if L is positively homogeneous function 
of œ and B of degree one, where a? = a, (x)y'y! is a Riemannian metric and D = 0,0) is 


а l-form on M”. Shibata [6] discussed the theory of (a, B)-metric. 
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M. Matsumoto [4] presented the systematic theory of Finslerian hypersurface. M. K. 
Gupta and P. N. Pandey [1, 2, 3] obtained certain geometrical properties of the hyper-surfaces 


of some special Finsler spaces. Lee, Park and Lee [7] discussed the hypersurface of a Finsler 


2 
spae with metric @+—. 
a 


In this paper, we consider an n-dimensional Finsler space Р" = (M", L) with an 


exponential (a, В)-теііс @ eP/ = and find certain geometrical properties of the hyper- 
surface of the Finsler space with above metric. 


The terminologies and notations are referred to Matsumoto [5]. 


2. PRELIMINARIES 


Let M" be an n-dimensonal smooth manifold and Р” = (M, L) be an n-dimensional Finsler 


‘space equipped with metric ge//@ M The derivative of above exponential metric with 


respect to о and В are given by 


Q.1) Las = 
@ 
_ BC Bra 
Lop = ^: +2) 
where 
lg = 56, О” am Lys Sa tg = e Төр = A. 


The normalized element of support is given by 
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(2.2) за Чу, + Lob, 


where y, = а, yy The- angular metric tensor is given by 


(2.3) hy т ра, T д^, + q\(b,y, * БУ) т Ч5У,/Уу 
where 
1 2В/ В” В/ p^ 
(2.4) p = LL € = ~| (0 – В)е -5ye zl, 
o a a 


Q 


2 
do = L Lpg = г Ae +2) 


| 2 
q, = L Lge” = 0 raa 


o х 


а? « 


2 
Go = LO Logg - Lat’) = 5b цаг 5) 9 (83 


The fundamental metric tensor is given by 


(2.5) g, = pa, + pob,b, + Piby, + by) + руу 
where 

| = L^ шав2В/0 X ufa B “Р, ийг. 
(2.6) Po = go + В ~ 227 a^ 


| | А 
1 =“ в). Bral B? 4p 

=g, + ІЫ = |е 1-4 эг 
Ру di рід l 5 53 К 28 


| 2 4 3 4 
1| 2B/a| 2B" В| B/a| B ЗВ | 4D 

= q, + pL”? = —i|e —5 € ve e prp 
p,7q,* p 5 | “2 | 24 9 2d 
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Moreover, the reciprocal tensor 87 of 2) is given by 


(2.7) gl = pla — sgb!b! — sQ(b'y! + bly) — syy'y!, 
where 
(2.8) b! = а", 


Sq = {ppa +( PoP2 7 р?)а ИФ, 
s, = 1 рр, (рар, - 5t)B] @. 
s, = Í pp, + (PoP: — Pr )b 8744 b? = a b!bi, 


Ge p{ p+ pob” T PB) +( pop. = pi (a78? = в?) 
The Cartan tensor C,, is given by 


(2.9) 2pC = phm; + hm, + hy,m,) + ymm My 


yk 


where 


Оро 2 
(2.10) Үүл Pg do т, = b, - a? py, 


Let v be the components of Christoffel symbols of the associated Riemannian space 


R" and V , be the covariant differentiation with respect to x* relative to this Christoffel symbols. 


We shall use the following tensors 


(2.11) 2E, =b, + b, 2F, = b - b, 


1] H HI 


where 5, = У b. 


Ü 


The difference tensor D = Fik - of the Finsler space 7" is given by 


(2.12) Dy = B'E jy + ЕВ, + FjBy + Ві + В), 
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— bom d Jk ~ СЕ Е Clon Ay = C kms E 2 
+ X (C. Cs. + 21960 - СС , 
where 


(2.13) B, = ро, + руь В' = g!B, Б = дЕ, 


= [nie обуу) атт) /2 


Ар = Br Egg + B” Ер + В, Fo" + Bok, 
BK = УВ, X" = B" Ey) 2B, 


The suffix ‘0’ denotes the transvection by the supporting element y! except for the quantities 


ро 90 апа $9. 


3. INDUCED CARTAN CONNECTION 


A hypersurface М"! of the underlying manifold M" may be represented parametrically by the 

equations х! = x'(u*), where u% are the Gaussian coordinates on M™! (Latin indices run 

from 1 to n, while Greek indices take values from 1 to 7-1). We assume that the matrix of 
i 


-— Nu ee | 
projection factors By AP is of rank z-1. If the supporting element y! at a point u = (10) 


of М"! is assumed to be tangent to M"-!, we may then write y = B. (u) v? so that 
у = (у®) is thought of as the supporting element of M"-! at the point w^, Since the function 
L(u, v) = L(x(u), y(u, v)) gives rise to a Finsler metric оп M"- !, we get an (n—1)-dimensional 
Finsler space Е"! = (M"- , Ци, v)), The metric tensor fai and the Cartan tensor Copy are 
given by 


ЭР ЭРТ 
G.1) быр = 8y Ba Bjo Сару = Cy Ba Bj By. 
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At each point u* of F"-l, a unit normal vector N'(u, v) is defined by 
(3.2) gj By № =0, g, М7-1 

For the angular metric tensor h we have 

(3.3) hep = hy Ba Bj. hy Ві № =0, ЊМ =1. 


The inverse projection factors Вг (и, v) of BL are defined as 


(3.4) Bf = g^" gy Bj, 
where 809 is the inverse of the metric tensor Zap ОЁ ЕЁ", 


From (3.2) and (3.4), it follows that 


(3.5) Bl, ВР = 8b, Bi N; m 0, NÝ p? == 0, NİN, x: L, 
and further 
] 1 Ї 


For the induced Cartan connection ICT = (FR, GR з Ch) оп 2"! the second fundamental h- 


tensor Hyp and the normal curvature vector H, are given by 


(3.7) Hay = №, (Big +Е} BÀ В} |+ Ma Hp, 
апа 
(3.8) н, = М(Вуеб),84) 


where M, = Сур By N^ №, Вір =д°х' / ðu du? and Bj, = Bey vP . It is clear that Hyg is 
not symmetric and 


(3.9) Hyg — Hy, = М,Н, - МН, 
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The equations (3.7) and (3.8) yield 
(3.10) Hoy = Нуб = Hy Н = Hag = Н, + My Hp. 


The second fundamental v-tensor Mg is defined as: 


2 і ВЈ wk 


The relative h- апа v-covariant derivatives of B} and № аге given by 
(3.12) Вв = Hag, Во = Mag 
Nip =—Hop Bj g^. N'p=—Mag В, 87. 
Let X (x, у) be a vector field of F”. The relative h- and v-covariant derivatives of X, are given 
by 
(3.13) Xa = Xn B; + Х|, N” Hs, Xu = X,, Вв. 


Matsumoto [4] defined different kinds of hyperplanes and obtained their characteristic 


conditions, which are given in the following lemmas: 


Lemma 3.1. A hypersurface F™! is a hyperplane of the first kind if and only if H, = 0 ог 
equivalently Н, = 0. 


Lemma 3.2. A hypersurface F'-! is a hyperplane of the second kind if and only if Нов = 0. 


Lemma 3.3. A hypersurface Е"! is a hyperplane of the third kind if and only if Hyg = 0 
= May 


4. HYPERSURFACE Е" (с) OF THE FINSLER SPACE 
WITH THE EXPONENTIAL METRIC 


2 
Let us consider the metric qe?/@ +Ё. with the gradient b (х) = д,Ь for a scalar function d(x) 


and a hypersurface 2"! (с) given by the equation b(x) = c (constant). From parametric equation 
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x! = х(и®) of Е"-Цс), we get d, b(x(u)) = 0 = b; BL, so that b (x) are regarded as covariant 
components of a normal vector field of F*'(c). Therefore along F*!(c), we have 

(4.1) b; B), =0, һу! = 0, 


Therefore the induced metric L (u, v) of Еіс) is given by 


(4.2) L(u, v) = oap, dog = aj Bi, Bj , 


which is a Riemannian metric. 
At a point of (с), from (2.5), (2.7) and (2.9), we have 
(4.3) p= 1, % = 3, q, = 0, q, = -1/03, Pa = 4, ру = DOS p, = 0, 
= 1 + 32, sy = 3/(1 + 302), s, = 19 (1 + 302), s, = –Б2/02(1 + 352). 
Therefore (2.8) gives 


T EE Т E ЖЕ E ET ИЕ 4 
Ate цог аша” 


using (4.1) we get 


2 





I = 
g "P 1-357 


which gives 


р? 
(4.5) b (x(u)) = 2 N,, 


where b is the length of the vector 5'. Using (4.4) and (4.5) we get 


(4.6) b = а = JU esp?) N + ba ly, 
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2 
Theorem 4.1. Let F" be a Finsler space equipped with metric 227 /а 22 with a gradient 
a 


b (x) = 0,b(x) and let ЁТ (c) be a hypersurface of Е", which is given by b(x) = c (constant). 
Then the induced metric on Е"-!(с) is Riemannian metric given by (4.2) and the scalar function 


b(x) is given by (4.5) and (4.6). 


Along F*'(c), the angular metric tensor and the metric tensor of F” are given by 


ЛУ} 
(4.7) h,= dj + 35,0; cs 
1 
(4.8) gy = ay Abb, +—(by, +b») 


Н Dr denote the angular metric tensor of the Riemannian metric a, 109, then using (4.1), (4.7) 


and (3.3), we get 


hap =p 


From (2.7), we get 


2 
Opp oela 2. Blof 2B | 4|, Lipa 2,8 ,48|,128 
Ор 97 g^ aja 2 а 


Q о? 


Thus along Е”! (с), дру/ В = 10/0 and therefore (2.11) gives y, = 1/0, m, = b, Then the 


Cartan tensor becomes 


] 
(4.9) Cik === (hybe + heb, + аЬ) 15:88» 


and therefore using (3.3), (3.11) and (4.1), we get 





(4.10) Ав and М, = 0, 


ЕЯ 
Мор 725 V1, e 


and hence from (3.9) it follows that Hy. is symmetric. Thus we have: 
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Theorem 4.2. The second fundamental v-tensor of Finsler hypersurface F"-'(c) of Finsler space 


2 
equipped with metric оеВ!® +E, is given by (4.10) and the second fundamental h-tensor is 


symmetric. 
Taking h-covarient deivative of (4.1) with respect to the induced connection, we get 
(4.11) big Bo F Вов = 0. 


Applying (3.13) for the vector b, we get 


= by; В +0, № Hp. 


Using this and Вар = Нар N', equation (4.11) becomes 





(4.12) by Ba B] bl; Ba № Hy +b; НМ! = 0. 
Since 5|, =—b, С, using (4.5) and (4.10), we get 
b? 
b| B, № =- 
h Ba 14-35? 


Thus (4.12) gives 


Б? 
4.1 a Hp +b, B, Ві =0. 
сз) 124-35? у 


Since Н ав is symmetric, it is clear that b is symmetric. Further contracting (4.13) with УР 
and then with v*, we get 


р? 
1+ Зр? 


p? 
[= H, +b, 
(4.14) Тыў T yy’ =0. 


Ha +b Bay” =0, 
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In view of Lemma 3.1, the hypersurface Е"! (с) is a hyperplane of the first kind if and only 
if bii P! Y! = 0. Неге Л i being the covariant derivative with respect to the Cartan connection 


of F” may depends on у. 

Since b, is a gradient vector, from (2.12), we have E = bys F, = 0. Thus (2.13) reduces to 

(4.15) Б = = B'b; jk + By bo, + Ву – — bon gm jk Ce - Ci Ay’ +С, kms E 
УС СО СТ = ChCh) 

In view of (4.3) and (4.4), the relations in (2.14) become to 


— 
— 


p! 3 BU 1 yl 
(4.16) B, - 4b, e Ly, 635? ој1+302) 


Ї | 5 
Bj = 2a dli 253201 tub; В, = g” Ву, 


Ар = Br bg т B Бр. 27 = B” bog. 
By virtue of (4.1) we have B, = 0, B; =0 which leads А? = В" муу. Therefore we have 


Dig = B'bjg + Bi boo - В”С mboo» 


i 


мэ і 2у 
пина тело а(1+257) 





Using the relation (4.1), we get 


2 A А 
b. ГУ. ыы 3b b Sede ODS b "bC С“. boo, 
(4.17) m a v" 20(14-382) 7 ин Jm 











(4.18) b; Dig = bg. 


a 
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by, is the covariant derivative of b, with respect to x! relative to the Cartan connection of P? 


and b = V, b, is the covariant derivative of b; with respect to x relative to the Riemannian 


connection. 
= (6,5 - &)-| 8 - "Ab 
Day rb, j9i 7741) Or fi pl 
see ЇР 
= = ij p =D} bp, I.e. 
(4.19) by, = b, = Df br 


Using (4.18), we get 


25 "ON E 
b, yy? = boy — Руф, 14:32 боо. 


Consequently, (4.14) may be written as 


p 
143p? 





| 
420 Hy+—L tng = 0 
wey olla rem 


Thus the condition H} = 0 is equivalent to bj = 0, where b, does not depend upon y. Since у! is 


to satisfy (4.1), the condition is written as by ! y! = (b,y"Xc p») for some c (x), so that we have 
(4.21) 2b, = be, + bg. 
Using (4.1), it follows that 
by = 0, oy BaB =0, bj BLyl-0. 
Again (4.16) and (4.21) gives 
bol Ji л =0, 4 Bj -0 and Bj В, ву P 


Using the equations (3.11), (4.4), (4.6), (4.10) and (4.15), we get 
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2 

roi ] Cob 
b. Df, By в} пн, 
4o(1+3b | 


Therefore in view of (4.19), the equation (4.13) reduces to 


2 Н гай” h_,=0 
(2 di > hg eo 
(4.22) 1+ 3Ь 4 of +36") 


Theorem 4.3. The necessary and sufficient condition for the hypersurface Е" (с) of Finsler 


2 
space equipped with metric да?” S nag to be hyperplane of the first kind is (4.21) and in 


this case the second fundamental h-tensor of hypersurface F"-(c), is proportional to its 


angular metric tensor. 


In view of Lemma 3.2, the hypersurface F"-!(c) is a hyperplane of the second kind 
if and only if Нов = 0. Thus from (4.22) we get cy = с(х)у = 0. Therefore there exists a 
function e(x) such that c (x) = e(x)b (x). Thus (4.21) gives 


(4.23) b, = ebb, 

Theorem 4.4. The necessary and sufficient condition for the hypersurface F" - (с) of Finsler 
space equipped with metric аг! е 2, to be hyperplane of the second kind is (4.23). 
In view of equation (4.10) and Lemma 3.3, we have: 


Theorem 4.5. The hypersurface F"- (c) of Finsler space equipped with metric cro! pE 


is not a hyperplane of the third kind. 
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ON THREE-DIMENSIONAL NORMAL ALMOST 
CONTACT METRIC MANIFOLDS 


AHMET YILDIZ AND AZIME CETINKAYA 


ABSTRACT : In this paper we study Ricci solitions and gradient Ricci solitions on a three-dimensional 
normal almost cfontact metric manifold admitting quarter symmetric non-metric connection. We prove 
that on a three-dimensional normal almost contact metric manifold with qurter symmetric non-metric 
connection, Ricci solition with a potential vector field V collinear with the characteristic vector field 
6 has constant scalar curvature provided о, В = constant. Also we investigate gradient Ricci solitions 
on a three-dimensional normal almost contact metric manifold admitting quarter symmetric non-metric 
connection. Finally, we study a three-dimensional normal almost contact metric manifold admitting quarter 


symmetric non-metric connection which satisfies R.§=0, P. «0 and 7.5 =o with Ricci solutions 


Key words and phrases : Normal almost contact metric manifold. Ricci gradient soliton, quarter 
symmetric non-metric connection, constant scalar curvature. 
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1. INTRODUCTION 


A Ricci solition is a generalization of an Einstein metric. In a Riemannian manifold (M, £), 


g is called a Ricci solition if [20] 
(1.1) fvg + 2S + 2Àg = 0, 


where £ is the Lie derivative, S is the Ricci tensor, У is a smooth vector field on М (called 
the potential vector field) and A is a constant. Metrics satisfying (1.1) are interesting and useful 
in physics and are often referred as quasi-Einstein (e.g. [7], [8], [16]. Compact Ricci solitons 
are the fixed points of the Ricci flow 2-6 = —25 projected from the space of metrics onto 
its quotient modulo diffeomorphisms and scalings, and often arise as blow-up limits for the 
Ricci flow on compact manifolds. Theoretical physicists have also been looking into the 
equation of the Ricci soliton in relation with string theory. The initial contribution in this 


direction is due to Friedan who discusses some aspects of it in [16]. 
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The Ricci soliton 15 said to be shrinking, steady and expanding according as À is negative, 
zero and positive, respectively. If the vector field V is the gradient of a potential function — 


f, then g is called a gradient Ricci solition and quation (1.1) assumes the form 
(1.2) VVf = 5 + keg. 


А Ricci soliton on a compact manifold has constant curvature in dimension 2 [20] and also 
in dimension 3 [21]. For details we refer to Chow and Knopf [9]. We also recall the following 
significant result of Perelman [25]: a Ricci soliton on a compact manifold is a gradient Ricci 


soliton. 


[n [26], Sharma has started to study of Ricci solitons in K-contact manifolds. Also, in 
a subsequent paper [18] Chosh, Sharma and Cho studied the gradient Ricci soliton of a non- 
Sassakian (А, }t)-contact manifold. Also in [4] C. Calin and M. Crasmareanu have studied the 
Ricci solitons in /-Кепто(5и manifolds. Then De et al. [10] have studied the Ricci solitons 


and gradient Ricci solitons on three-dimensional normal almost contact metric manifolds. 


The idea of quarter symmetric linear connection in a differentiable manifold was 
introduced by Golab [19]. A linear connection y on an n-dimensional Riemannian manifold 


(M, g) is called a quarter symmetric connection if its torsion tensor T of the connection y 


(13) IU degree» 
satisfies 
(1.4) ТХ, Y) = n(DX - no, 


where 1| is а 1-form and 6 is a (1, 1)-tensor field. In particular, if $(X) = X, then the quarter 
symmetric connection reduces to a semi-smmetric connection [17]. Thus the notion of quarter 
symmetric connection generalizes the idea of the semi-symmetric connection. If moreover, a 


quarter. symmetric connection ұу satisfies the condition 


(1.5) (V (У Z) # 0, 


for all X, Y, Ze X(M), then v is said to be a quarter symmetric non-metric connection, 


otherwise it is said to be a quarter symmetric metric connection. Several authors have studied 
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quarter symmetric non-metric connection. Some of them are [5], [15], [12], [13] and [6]. Here 


we use quarter symmetric non-metric connection V such that 
(1.6) V yY = VY + n(Y)oóX 
which satisfies equations (1.3) and (1.4). 


The paper is organised as follows: After some preliminiaries, in Section 4, we show 
that in a three-dimensional normal almost contact metric manifold admitting quarter symmetric 
non-metric connection with the Ricci solition g, if the potential vector field V collinear with 
the characteristic vector field 6, then the manifold has constant scalar curvature, provided à 
= [| = constant. In Section 5, we show that if a three-dimensional normal almost contact metric 
manifold admitting quarter symmetric non-metric connecton with the gradient Ricci soliton then 
the manifold is either a-Sasakian or an Einstein manifold provided a = В = constant. In the 
last section, we investigate some curvature conditions (i.e. 5.5 =0, P.S «0 and 7.5 «0) 
in a three-dimensiona] normal almost contact metric manifold admitting quarter symmetric non- 


metic connection with the Ricci soliton. 


2. PRELIMINIARIES 


Let M be an almost contact manifold and (0, &, n) its almost contact structure. This means, 
M is an odd-dimensional differentiable manifold and ф, 5, n are tensor field on M of types 


(1, 1), (1, 0), (0, 1), respectively, such that 


ф2 = -I + 95, nÉ) = 1. 


Then also ф5 = 0, по ф = 0. Let R be real line and га coordinate оп R. Define an almost 
complex struture J on M x R by 


(x4) -(ex- r8 005 


x 


where the pair (X, fd/dt) denotes a tangent vetor to M х R, fis a smooth function on M x R, 
X and /d/dt being tangent to M and R, respectively. 
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M and (0, 5, 1) are said to be normal if the structure Jis integrable [1], [2]. The neessary 
and sufficient condition for (0, Ё, п) to be normal is 
10, 0) + 22195 = 0, 
where 19, ф] is the Nijenhuis torsion of 0 defined by 


[ф, 6)(X, Y) 5103, OY] + PIX Y] - $[0X, Y] — OLX OY], 
for any X, Y e X(M), X(M) being the Lie algebra of vector fields on M. 


A Riemannian metric g оп M satisfying the condition 


EOX OY) = g(X, Y) - nam), 


for any X, Y € Х(М), is said to be compaible with the structure (0, ©, 1). If g is such a metric, 
then the quadruple (6, 5, 1, g) is called an almost contact metric structure оп M and M is 
an almost contact metric manifold. On such a manifold we also have (X) = g(X, ©) for апу 
X € X(M) and we can always define the fundamental 2-form Ф by Ф(Х, Y) = g(X, ФР), where 
XA, Ye XM). 


It is no hard to see that if dim M= 3, then two Riemannian metrics g and g' are compatible 


with the same almost positive function o on M. 


A normal almost contact metric structure (0, €, п, g) satisfying additionally the condition 
dn = Ф is called Sasakian. Also a normal almost contact metric structure satisfying the condition 
аф = 0 is said to be quasi-Sasakian [3]. 


For an almost contact metric structure (0, 5, n, £) on M, we have [23]: 


(2.1) (VOP) = (ФУ, YE - т(7)ФУ A, 
(2.2) VS = a{X — n(X)5) - Box, 
(2.3) (Уу?) = a(g(X, Y) -naM - PeX Y), 


where 20 = div& and 2B = tr(oV&), divE is the divergence of & defined by айб = traceíx 
— Vč} and tr(60V5) = trace(X > OVS}. 
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(2.4) RX, YE = {Ya + (а? – PMO — (Xo. + (a^ – BEMO Y 

+ {YB + 2aBn(Y)}oX - {AB + 2aBnQOjer, 
(2.5) SCY, 5) = -Yu ~ YB — {Ea + 2(02 – BIN), 
(2.6) Sp + 2ap = 0, 


where А denotes the curvature tensor and S is the Ricci tensor. 
One the other hand, the curvature tensor in dimension three always satifies [27] 
(2) R(X Y, Z И) = g(X, W)S(Y, Z) – g(X, DSX W) 

+ g(E DSX, И) — gh УУХ, 2) 


- SE MEE Z) – (X, Zg(Y, W), 
where R(X, Y, Z, W) = g(R(X, Y)Z, W) and r is the scalar curvature. 
From (2.4), we can derive that 
(2.8) RÉ E Z 5) = - (ба + а? – В) (фу oz) — (EB + 2aB)e(Y, 02). 
By (2.5), (2.7) and (2.8), we obtain for a, D = constant, 


(2-9) SX Z) = (5 + o? — B^g(8Y, 92) - 2(a^ - B*yn(Yn(Z), 
and 
(2.10) OY = (5 + a? – BAY- (5 — а? + Pm. 


Applying (2.9) in (2.7), we get 
(2.11) R(X, YZ = [5 + 2(02 – ВЭ (5 AX - X DY] 
+ g(X, ZI + 3(02 — B^ C28] 


- [C£ + 3(o? — BMX 
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- 80% DF + 3(a* – BAME 


+ [GC + 3? — В?) (Хул (ФУ. 
It is to be noted that the general formulas can be obtained by straightforward calculation. 


Several authors have studied three-dimensional normal almost contact metric manifolds, 
such as ([11], [14]) and many others. 


Also from (2.6) it follows that if a, В = constant, then the manifold is either B-Sasakian, 


or &-Kenmotsu, or cosymplectic [22]. 


Proposition 1. А three-dimensional normal almost contact metric manifold with 0, B = constant 


is either B-Sasakian, or &-Kenmotsu or cosymplectic. 


We note that D-Sasakian manifolds are quasi Sasakian ([3], [24]). 


3. QUARTER SYMMETRIC NON-METRIC CONNECTION IN A THREE-DIMEN- 
SIONAL NORMAL ALMOST CONTACT METRIC MANIFOLD 


In this section, we give equations of a three-dimensional normal almost contact metric manifold 
admiting quarter symmetric non-metric connections, where y is a quarter symmetric non-metric 


connection on a three-dimensional normal almost contact metric manifold. 


Let V be linear connection on a three-dimensional normal almost contact metric manifold. 


We define a connection 
(3.1) V xY = VY + n(Y)X. 


Then the above connection satisfies (1.3) and (1.4). For a three-dimensional normal almost 
contact metric manifold admitting quarter symmetric non-metric connection we have the 


following: | 

(3.2) R(X, 2 = R(X, Ү)7 + ag(Z, DOY — Pex, DoY 
+ 2an(Zg(6X, ҮХ,- ВПО) - од (2, У)фХ 
+ В2(2, Фф + (32, 
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(3.3) 5 (X 2) = SY 2) + Bg(5 7) + оё(фУ 2) - 3Bn(Y)n(Z), 
(3,4) р = Г. 


4. RICCI SOLITON 


Let V be point-wise collinear with 5 i.e. V = bẸ, where b is a function on a three-dimensional 
normal almost contact metric manifold admitting quarter symmetric non-metric connection 
Then 


(4.1) (Lyg + 95 + 2ХХ, Y) = 0. 
ог, 
(4.2) (уй Y) + n(V)g(6X, Y) + g(V,E X) + т(У)е@фУ, X) 
+ 25(Х, Y) + 2ag(6X, Y) + 2Bg(X, Y) 
- 6pn(X)n(Y) + 2Xg(X, Y) = 0, 
which implies that 
(4.3) g(Vy4b5 Y) + g(V,56, X) + 25(X, Y) 
+ (24 + 2Djg(X, Y) + 2ag(6X, Y) – 6BbnQOn(?) = 0, 
Or, 
(44) || bg(VyE, Y) + (XBMC) + bg(V,5, X) + (YEMA) + 28(Х, Y) 
+ (20 + 2B)g(X, Y) + 2ag(0X, Y) – 6BuQOn(Q?) = 0. 
Using (2.2) in (4.4), we obtain 
(4.5) (XDM) + (DMO) + 2bo(g(X, Y) — naM) + 25(X, Y) 
+ QA + 2B)g(X, P) + 2ag(oX Y) – ebn(Xyn(Y) = 0. 
In (4.5) replacing Y by Ẹ and using (2.9), it follows that 


(4.6) (Xb) + (&b)n(X) - 4(02 — BPMN + (2А + 2810) - 6рл(0) = 0 
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Putting X = € in (4.6), we get 
(4.7) Eb = 2(02 — B?) — X + 2p. 
Using (4.7) in (4.6), we obtain 
(4.8) db = (2(a* — В2) — X + 2B)n. 
Applying d on (4.8), we get 
(4.9) | (2(a7 — B?) — X + 2B)dn = 0. 
Since dn z 0, we have 
(4.10) 2(02 — p?) — X + 28 = 0. 
Using (4.10) in (4.8) yields 9 is a constant. Therefore from (4.4), it follows 
(411) — S(X Y)-3BnQO)n(Q) – ag(oX, Y) 

- (А + B)g(X, Y) – ba(g(X, Y) – naM. 
In (4.11) taking X — Y — e,, we find 

r = -ЗА — 2ba. 

Hence we can state the followings. 
Theorem 1. Let M be a three-dimensional normal almost contact metric manifold admitting 
quarter symmetric non-metric connection. If the metric g is the Ricci soliton and V is point- 


wise collinear with E, then V is a constant multiple of & and the manifold has constant scalar 


curvature provided that a, B = constant. 


Theorem 2. Let M be a three-dimensional normal almost contact metric manifold admitting 
quarter symmetric non-metric connection. If the metric g is the Ricci soliton and V is point- 
wise collinear with 6, then the Ricci soliton is expanding, steady and shrinking according as 


r+ 2ba < 0, + 26a = 0 andr + 2ba > 0, respectively. 


Now let be V = E. Then the equation (4.1) reduces to 
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VEY) + g(V,E, 2) + 25(Х, Y) + (2%  20)g(X, Y) 
+ 2ag(0X, Y) — 6Вт(Хуп(У) = 0. 
Using (2.9) in the above equation and putting X = Y = Ё, we obtain 
А = 2(02 — В?) + 28. 
Thus we have the following: 
Theorem 3. Let M be a three-dimensional normal almost contact metric manifold admitting 
quarter symmetric non-metric connection. If the metric g is the Ricci soliton and V = Ё, then 


the Ricci solition is expanding, steady and shrinking according as (02 — 8?) + B > 0, (02 
- p^) + B = 0 and (02 — B?) + B < 0, respectively. 


5. GRADIENT RICCI SOLITON 


If the vector field V is the gradient of a potential function —f on a three-dimensional normal 
almost contact metric manifold admitting quarter symmetric non-metric connection, then g is 


called a gradient Ricci soliton and (4.1) assume the form 
(5.1) vVf-»VVf-2 Ss + dg. 
This reduces to 
(52) vyDf = ОХ + M 
where D denotes the gradient operator of g. From (5.2), it is clear that 
(5.3) R(X Y)Df = (V4Q)Y ~ (V,0X 
+ (6B? + 2o7)g(8X, YE — 4Bon(Y)X — (ХУ) 


- (AÀ + 402 + 3B – 5В8®){т(7)фФХ - 700079). 
Differentiating (2.10), we have 


(5.4) (у Оу) = FM (x—n(x98) 


(et E 7) (vw) 08 -n(0vwt] 
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In (5.4) replacing W by 6 yields 


(5.5) vow = SG - oo) 


-(4+3(0? =p?) ve) 008 - 00e] 
Then we have 
(5.6) &(V.Q)Y — (УуОХ, + (682 + 2a^g(95, NE — 4Ba(n(?)6 - nE) 


(А + 402 + 3B - 5B)in( POE - nOr, 5) = 0. 
Using (5.6) from (5.3), we obtain 


(5.7) g((R (б, Y)Df, 5) = 0. 
From (2.8), we get 


(5.8) (R (б, Y)Df, E) = (02 — B*){-2(% Df) + n(Y)n(Df) + 2afg(6Y, Df). 
Using (5.7) in (5.8) yields 
(5.9) (а? — B*){-g(¥ Df) + NOMON} + 2aBg(6X Df) = 0. 


Replacing Y by oY in (5.9), we have 
- (a^ — BYL- g(% Df) + NOMON — 20Bg(, Df) + 200865, Df) = 0 
Replacing the value of g(oX, Df) in (5.9), we obtain 
(5.10) Df = (576, since o? « f. 
Using (5.10) in (5.2), we get 
S (X, Y) + Ag(X, Y) = (9,07 X) = g(v (505, X) 
(5.11) = gV EE, X) + (502005 X) 
= (YEE + (507,5, X) + (5088, X) 
= EMD + GAC — Bak X) + CNEX, Y) - n(nQO) 
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Putting X = € in (5.11) and using (2.9), we have 


(5.12) 5 (E 5 + М) = YEN = {А - 2B - 20? – BIMA. 
Interchanging X and Y in (5.11), we obtain 
(5.13) S (X, Y) + Ag(X, Y) = X(&fm(Y) + GAC — POX Y) 


+ ENER, Y) -NIMD 
Adding (5.11) and (5.13), we get 
(5.14) S (X, Y) + М(Х, Y) = a(5f)g(X, Y) 
+ {A - 2B – Xa? — B^) - (0 (Ул. 
Then using (5.2), we have 
(5.15) У yDf = a(Ef)Y + {A — 28 – 2002 — B^) – o (50) О. 
Using (5.15), we calculate 
R(X, Y) = Fy Df- Vyv yDf - Уур 
(5.16) = aX(5)Y — Y(5/X + AMX — a(efmQ09Y 
+ {À — 2B - 2(a? - B^) - aN (on()X — ол(Х)У 
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+ (Y)oX — (ФУ — Bn(P)oX + Вт(20ФУ — 2Bg(¥ 05). 


Taking inner product with 5 in (5.16), we get 
0 — g(R (X, Y)Df, &) = 2B{A – 28 – 2(a? – B^) — a (6) g(0X 20. 
Thus we obtain 
B{A — 28 — 2(o^ — 8^) — a (60) = 0. 
We have the followings: 
Case i) B = 0, 
Case ii)  — 2B — 2(a* — B?) — a(EA = 0, 
Case iii) В = 0 and à ~ 28 — 2(o? – B^) — o(tf) = 0. 
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Now we consider these cases: 
Case i) If В = 0, then the manifold reduces to a a-Kenmotsu manifold. 
Case ii) Let à — 2B — 2(02 — B?) — a(Ef = 0. If we use this in (5.13) gives 
YEA = AEMP). 
Substitute this value in (5.14), we obtain 
S (X, Y) + Ag(X, Уулс aA, Y). 
Contracting this equation, we get 
г + ЗА = 30(Ё/), 


which implies that 
(y)- 2 
If F = constant, then (E) =constant = c. Therefore from (5.10), we have 
Df = (695 = 6. 
Thus we can write from this equation 
g(Df, X) = en(X), 
which means that 
ARX) = en(X). 
Applying d on the above equation, we get 
can = 0. 


Since dn = 0, we have c = 0. Hence we get Df= 0. This means that f= constant. Therefore 


equation (5.13) reduces 


S (X, Y) = Q(o? — p?) + 2B)g(X% Y), 


that is, M is an Einstein manifold admitting quarter symmetric non-metric connection. 
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Case iii) using B = 0 and X — 28 — 2(02 — B?) — a(Ef) = 0 in (5.13), we obtain YEA 
= a(Efm(Y). Now as in Case ii) we conclude that the manifold is an Einstein manifold. 


Thus we have the following: 


Theorem 4. /f a three-dimensional normal almost contct metric manifold admitting quarter 
symmetric non-metric connection with the gradient Ricci soliton then the manifold is either 


a-Kenmotsu or an Einstein manifold provided a, В = constant. 


6. THREE-DIMENSIONAL NORMAL ALMOST CONTACT METRIC MANIFOLDS 
ADMITTING QUARTER SYMMETRIC NON-METRIC CONNECTION WITH THE 
RICCI SOLITION SATISFYING g.$-09» P.S-0 AND 7.С-0.- 

Let К, P, 5 and 2 be Riemannian curvature tensor, the projective curvature tensor, the Ricci 
tensor and the concircular curvature tensor with respect to V and Ё, P, $ and 7 be 
Riemannian curvature tensor, the projective tensor, the Ricci tensor and the concircular curvature 
tensor with respect to V on a three-dimensional normal almost contact metric manifold M with 


the Ricci solition and quarter symmetric non-metric connection yv. 


Using (2.11) and (4.1) with V = & we have the followings: 


(6.1) $8 (X, Y) = а + X + B)g(X, Y) + GB + aX) — og(9X, Y), 
(6.2) P 3 =e: 

(6.3) Ох =a +A + 8)Х + GB + от) - abx, 

(6.4) R(X YZ = (-20 — 24 ~ 28 -£)t(e(X ЭХ-4(Х Z)Y) 


+ (ЗВ + о) тС) - (127 

+ gE 21006 — gX 2)п00)5) 

- 0485 Z)X — gX Z)Y + gQ; Z)6X — g(X, 209), 
(6.5) P (XYZ = (2a – 20 - 2B - FXE DX - «(X DY) 

+ GB + OMMO — (027 
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+ gE ZnQOS -gX ZmO»S) 
- 04805 DX — ox, DY + gh ZX — g(x, Z)oY}, 


L (GB + о) тот) - nQ0n(2Y) 





- (B + a + X)tgQ DX - gX 2) 
- AlE ZX — g(05 Z)¥)}. 





(6.6) Z (X, YW = C2 2А - 28 - F-E eE WX - «(C WY} 


+ GB + о) СРИ) - nOOn(OV)Y 
+ g(X Ул - aX WMO} 
- @{8(Ф} W)X — 804, W)Y + (У, W)oX — g(X, PHN. 
Using above equations, we investigate the conditions 5.5 =0, P-S=0 and 7.8.9. 
Let be R(X,Y).S «0. Then 
(R(X, VSZ W)  -SCRQGC YZ W) - 5 (2, R(X, YW = 0. 
Now using (6.1) in the above equation, we get 
(6.7) 0 = (a — А – B)gC R(X, YZ, W) + GB + on( RY NIM) 
- ag($ R(X, PZ, W) + (a – X — BZ R(X Y)W) 
+ GB + aM (X Y)W) — ag(6Z, R(X Y). 
Using (6.4) in (6.7), we obtain 
(6.8) 0 = (3B + oXB — a 24 — EHE ZnQOn(Y) — (Х, Zim (On (P) 
+ (У WMM) - 4(Х, PMN) 
- 2040. + 3B3(g(6Z, 21001097) — g(6X, 22109). 
Putting X — Z — e, in (6.8), we find 


(6.9) 0 = GB + eB - a - 2} - FEE P) — 3n(YmQ0?)). 
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Putting Y = € in (6.9), we have 
0 = GB OK - a -24 - =), 
that is, either 


= -30, 


ог, 





Thus we give the following: 


Theorem 5. Let M be a three-dimensional normal almost contact metric manifold admitting 


quarter symmetric non-metric connection which admits the Ricci soliton for V = 26. 


If R(X,Y).S «0, then either TL > 2. or, а = ~ 3В, provided a, B = constant. 





Now we consider the condition Р(Х, У)-5 20. Then 
(Р(Х, Y)S)Z, W) = -S(P(X, Y Z, W) -S(Z, Р(Х, YW). 

Using (6.5) and (6.1) in the above equation, we have 

(6.10) 0 = GB + aXB -a — 2А – FHE IMAMO) — g(X, ZMAN) 
+ (5 #уп(Хуп(7) — (X Wn) 
- 2a.(o. + 3B) (g(6Y, 2у1(014(9)- g(6X, Zn(Y)n(7)) 
- -E Qag(9Z, HGR + onQOn(P) 
- (B + a + Xyg(X, W) – ag(9X, W)) 


+ 2ag(oZ, Х){ЗВ + o)n(mn (OP) 
- (B * a + X)g(Z W) - 0801 И). 
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Putting X = Z = e, in (6.10), we get 
(6.11) 0 = GB + oYX8 -a - 2А – 5HE W) - mMM 
- © {В + @ + AM OY) — a(g(E. W) - nn). 
Taking Y — & in (6.11), we, have 
0 = GB + (В — а – 20 - 5). 


that is, either 





a = —3p, 
Or, 
РЕ а 
Ба 
2 


Thus we say the follwong: 


Theorem 6. Let M be a three-dimensional normal almost contact metric manifold admitting 


quarter. symmetric non-metric connection which admits the Ricci soliton for V = 6. 
2 , p-a-- | 
If P(X, Ү):5 «0, then either hea or, а 55-30, provided a, B = constant. 


Let 2(X,Y)-S =0. Then 
(ZX, NSV, W) = -S(Z(X, YV,W)- S(V,Z(X, Y)W) = 0. 
Using (6.6) and (6.1) in the above equation, we obtain 


(6.12) 0 = во) (в-а) alr, V)n(X)n(¥) 


- g(X, MOMP) + g(5 Won) — ВС, Woo» 
- 2040. + 3B) (a(6E. MAMO) — g(6X, MEM). 
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Putting X = V = e, in (6.12), we get 


(6.13) 0 = Gea (B-a-2.-5- c (8099)-34(0л(9)). 


Putting Y — 5 in (6.13), we have 


o 068-5) 


that is, either 
a=- 3p, 


Or, 


Thus we give the followng: 


Theorem 7. Let M be a three-dimensional normal almost contact metric manifold admitting 


quarter symmetric non-metric connection which admits the Ricci soliton for V = €. 


B-a -E-m 
If Z(X, Ү\-$ «0, then either у,— : /(п-1 


) оқа = —3D, provided a, B = constant 
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ABSTRACT : The object of the present paper is to study second order recurent tensor fields in nearly 
Kenmotsu manifolds and improve the proof of a Theorem of Najafi et al. Beside this we study Ricci 
semisymmetric nearly Kenmotsu manifolds and obtain some equivalent conditions. Finally, we consider 
semiparallel, 2-semiparallel and pseudo-parallel invariant submanifolds of nearly Kenmotsu manifolds. 
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1. INTRODUCTION 


Among Riemanian manifolds, the most interesting and most important for applications are the 
symmetric ones. From the local point of view they were introduced independently by Shirokov 
[26] and Levy [16] as a Riemannian manifold with covariant constant curvature tensor X, Le., 


with 
ҮЕ-0. 


where V is the Levi-Civita connection. Ап extensive theorey of symmetric Riemannian 


manifolds was worked out by Cartan in 1927. 


Later, a similar development took place in the geometrv of submanifolds in the space forms, 
where a fundamental role is played by metric tensor g (as the induced Riemannian metric) 
and the second fundamental form a. Besides the Levi-Civita connection V, with Vg=0, а 
normal connection V+ is also defined. The submanifolds with parallel second fundamental form, 


i.e., with 
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where ү is the pair of V and V+, deserve special attention. The theory of parallel submanifolds 


is concisely treated in recent monograph by Lumiste [17]. 


As a generalization of symmetric manifolds Cartan in 1946 introduced the notion of 
semisymmetric manifolds. A Riemannian manifold is called semisymmetric if the curvature 
tensor R satisfies R(X, Y). R = 0, where R(X, Y) is considered as a field of linear operators, 
acting on R. A Riemannian manifold is said to be Ricci semisymmetric tf R(X, Y).S = 0, where 


$ is the Ricci tensor of type (0, 2). 


Semisymmetric manifolds were classified by Szabo, locally in [27]. The classification results 


of Szabo were presented in the book [5]. 


Parallel submanifolds were likewise later placed in a more general class of sub-manifolds 


generalizing the notion of parallel submanifolds. 


Let M and M be two Riemannian or semi-Riemannian manifolds, if : M — М an isometric 
immersion, & the second fundamental form and y the van der Waerden-Bortolotti connection 
of M. An immersion is said to be semiparallel if 

R(X,Y)a = (Vx Vy - Vy Vx - Vxv) 9 = 0 (1.1) 
holds for all vector fields tangent to M [8], where р denots the curvature tensor of the connection 


V. Semiparallel immersion have been studied by many authors, see, for example, (9, 10, 11, 
15, 17]. 


In [2] Arslan et al defined and studied submanifolds satisfying the condition 

R(XY, у, = 0 (12) 
for all vector fields. X, Y tangent to M. Submanifolds satisfying (1.2) are called 2-semiparallel. 
An immersion is said to be pseudo-parallel [3, 4] if 

R(CY).o = fQ(g, о) (13) 


holds for all vector fields X, Y tangent to M, where f denotes real valued function on M and 
for a (0, А), k > 1 tensor T and a (0, 2) tensor E, Q(E, T) is defined by [28] 
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QE, ТХХ,, Xp. Xy X, Y) = -T((X ^g Y) Xj Xs... X) (1.4) 
-T (Xj, (X ^g Y) X4... Ху) 
— -T (Xp X, Ap p (X ^g Y) X1). 
where X a, Y is defined by 
(X, ^g P) ЁО, JX - EX, Z)Y. (1.5) 
Therefore we can take the following equation instead of the equation (1.1) 
R^ (X, Y) о (U, V) - a (R(X, PU, V) - atu, RX Уу) (1.6) 
= -fla (X ^, О V) + aU, Ka, DY). 


In a recent paper [19], Ozgur and Murathan studied semiparallel and 2-semiparallel invariant 
submanifolds of Lorentzin para-Sasakian manifolds. Also in [18] V. Mangione studied invariant 
submanifolds of Kenmotsu manifolds. In a recent paper Najafi and Kashani [20] studied second 
order symmetric closed recurrent tensor in a nearly Kenmotsu manifold under certain conditions. 
А (0, 2)-tensor field с on a Riemannain manifold (M, р) is said to be a recurrent tensor if 
T satisfies УТ'= А 9 T for some 1-form А. The 1-form А is called the recurrence covector of 
T. The set of closed recurrent tensors contains the set of parallel tensors (À = 0) as a subset. 


In the present paper we improve the proof of the Theorem 3.1 of [20]. 


Motivated by these studies of the above authors [18, 19], in this present paper we consider 
invariant submanifolds of nearly Kenmotsu manifolds. We consider the semiparallel, 
2-semiparallel, pseudo-parallel invariant submanifolds of nearly Kenmotsu manifolds. The paper 


is organized as follows : 


In section 2, we give necessary details about submanifolds which will be used for latter sections. 
In section 3, we give a brief account of nearly Kenmotsu manifolds and their submanifolds. 
In section 4, we study second order recurrent tensor fields in nearly Kenmotsu manifolds and 
improve the proof of the Theorem 3.1 of [20] without assuming any condition. Next we prove 


that there does not exist any non-zero parallel 2-form in nearly Kenmotsu manifolds. In section 5 
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we consider Ricci semisymmetric nearly Kenmotsu manifolds and we obtain some equivalent 
conditions. Ín section 6, give some preliminaries about invariant submanifold of nearly 
Kenmotsu manifolds and prove a Propostion. Finally, we study semiparallel, 2-semiparallel, 
pseudo-parallel invariant submanifolds of nearly Kenmotsu manifolds respectively. As a 


consequence of the above results we obtain some important corollaries. 


2. BASIC CONCEPTS 
Let (М, g) be a n-dimensional Riemannian submanifold of an (n+d)}-dimensional Riemannian 
manifold (М, 8). We denote Бу ү and V the Levi-Civita connection of М and М, respectively. 
Then we have the Gauss and Weingarten formulas 
Vy Y= Vy Y + a(X, Y). (2.1) 
апа 
VxN = -AyX + Vey. 


where X, Y are the vector fields tangent to M and N is a normal vector field on M, respectively. 
V+ is called the normal connection of M. We call a the second fundamental form of 
submanifolds M. If œ = 0 then the manifold is said to be totally geodestic. For the second 


fundamental form 0, the covariant derivative of a is defined by 


(vx &) (% Z) = Vy (a (У Z) - а (Vy, Z) - 001 VyZ) (2.2) 


for any vector fields X, Y, Z tangent M. Then ya is a normal bundle valued tensor of type 
(0.3) and is called the third fundamental form of M. v is called the vander waerden-Bortolotti 
connection of M, i.e., V is the connection in ТМ Ө T+M built with V and V+. If ya = 0, 
then M is said to have parallel second fundamental form [7]. From the Gauss and Weingarten 


formulas we obtain 
Therefore from (1.1) we have 


(R(X Y).a) (U, V) = R (XY) a (UV) - a (X Y)UV) — a (U, ROGY)V) (2.4) 
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for all vector fields X, Y, U and V tangent to M, where 
R(XY)-IV^y, Vy] - Vig (2.5) 
and R denotes the curvature tensors of V. Similarly 
(R (ХУ). Va) (U, V. W) = Е QC Y) (yo) (0, E. W) (2.6) 
- (ya) (R (X, Y) U, V W) - (ya) (U, R(X, Y) V W) 
- (va) (0, V, R (X, Y) W) 
for all vector fields X, Y, U, V and W tangent to M, where (yo) (U, V W) = (ya) (V, W) [2]. 


3. NEARLY KENMOTSU MANIFOLDS 


An almost contact metric manifold (M^"*!, ф, Ё, n, g) is called a nearly Kenmotsu manifold 
by Shukla [25] if the following relation holds : 


(Vy 4)Y + (yy 9)X = – nX - n(X)oY. (3.1) 


where V is the Levi-Civita connection of g. Moreoever, if M satisfies 


(Vy O)¥ = (OX YE — nox. (3.2) 


then it is called a Kenmotsu manifold [14, 21]. It is easy to see that every Kenmotsu manifold 
is a nearly Kenmotsu manifold, but the converse is not true. A nearly Kenmotsu manifold is 
not a K-contact manifold and hence is not a Sasakian manifold [24]. Recently, nearly Kenmotsu 
manifolds have been studied extensively, see [12, 13]. 

Tensor algebras play a prominent role in differential geometry, in particular in Riemannian 
geometry. Wong [29] studied recurrent tensor fields on a manifold endowed with a linear 
connection. Levy showed that on a space of constant curvature, second-order symmetric parallel 


nonsingular tensors are constant multiples of the metric tensor [16]. 


First, we recall some important identities holding in every n-dimensional nearly Kenmotsu 
manifold (M, 0, 5, n, g) (for more details, see [13]) : 


$6 = 0, NE) = 1 PX = -X + nX), по $ = 0, (3.3) 


ON SOME CLASSES OF NEARLY KENMOTSU MANIFOLDS 71 


EX, ФР) = g(X, Y) – (ХУУ), g(X, 2) = (А), (3.4) 
8(Х, OY) = — gX Y), (Vyn Y = g(X, Y) — т(Х)п(У), (3.5) 
RG, ХУ = -g(X, Y) + (X, RX Y) = nO — (РХ, (3.6) 
SOX, OY) = SX Y) – H-n EN), (3.7) 
MR Y)Z) = gQX; 210) - e% 2100, (3.8) 


where R is the Riemannian curvature and S is the Ricci tensor of р. 
In a nearly Kenmotsu manifold (M, 0, 5, 1, g) the following relations hold [13]; 

Уб = X - (XE, V = 0, (3.9) 
Hence, the orbits of & are godesics. 


Example 3.1. [6] //М,, №, are two nearly cosymplectic manifolds then their product is a nearly 
Kahler manifold, hence R х „(№ х М,) is a nearly Kenmotsu manifold. 


Example 3.2. [22] The sphere S endowed with the usual almost Hermitian structure is a nearly 


Kahler manifold, so that R х ,S® is nearly Kenmotsu manifold. 
4. NEARLY KENMOTSU MANIFOLDS WITH SECOND ORDER RECURRENT 
TENSOR FIELDS 


Suppose (M, 0, & 1, g) is a nearly Kenmotsu manifold and Т is a recurrent (0.2) tensor on 


M, therefore 

(У;Т) (X; Y) = AZT (X, Y), (4.1) 
where A is a l-form called recurrent covector of T. 
Let us suppose that T z 0 and О be the (1.1) tensor defined by 

(ОХ, Y) = NX, Y), (4.2) 
Hence (4.1) can be written as 


(V;QX = А (D). (4.3) 
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We now define a function f on M by 


f? = 60, 9. (44) 
Using the fact that У р = 0, it follows from (4.4) that 

ҚИ f) = f* (А W). (4.5) 
Since / # 0, from (4.5) we get 

(W f) = f А). (4.6) 
From (4.6) we have 

ZW Ј) = 2, (V f) + (2 ХОРУУ (4.7) 
Непсе, 

ZW f) - WZ f) = {ZMY) - WA. (4.8) 


Therefore, we get 


(УУ v Үү Үрий = {ZA(W) — WA(Z) — AEZ, Wy. (4.9) 


Since the left hand side of (4.9) is identically zero and / 18 non-zero оп M by our assumptioa, 


we obtain 
dA(Z, W) = 0. (4.10) 
Le. the 1-Ғогт Л. is closed. 
Now from (У „О)Х = AW) ОХ, we get 
(V,V,OX — (VyqyO)X = VW + MZ) РОХ (4.11) 
= 24042, W)OX 
= 0), 
Therefore, 


(КОР, Z).QXX) = 0. (4.12) 
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where R(W, Z) is to be considered as a derivation of the tensor algebra at each point of the 


manifold for all tangent vectors W and Z. Hence 

(КОР Z).TXX, Y) = 0. 
This implies 

NRW, DX, Y) + ДХ, ROV, Z)Y = 0. 
Putting X = Y = W = E in (4.14), we have 

NRG, 2)6,6) + T(E, RG, 2)5) = 0. 
Using (3.4) and (3.6) in (4.15) we have 

2g(X, 955b - T(X; O - T6, 3) = 0. 
Differentiating (4.16) along Y and using V £ = 0 yields 

2(g(VyX, 5) + g(X, Vy) 16,5) + 2g(X, 5) УГ.) = T(VYX.9) 

+ ТО, V,5) + T(VYS X) + T(GVYX). 
Putting X = V, X in (4.16) we have 

25(Ү,Х, (55) - Т(Ў,ҖЕ) - NE VX) = 0. 


Therefore from (4.9) and (4.11) we obtain 


2g(X, Уус) T (56) + 2g(X, 5)УуТ&5) = NX Уу) + TCV EY). 


Using (3.9) in (4.19) we have 

2g(X, DNES + 2g055)(V,6,5) = ДХ, Y) + TH X). 
Since T is symmetric, then from (4.20) we have 

2g(X, Y)I(5 5) + 26(Х,б/1ХУус,0) = 27K, Y). 
It follows from (421) 


#(Х, DNES + поту) - nnQ)T(55) = TX, Y). 


(4.13) 


(4.14) 


(4.15) 


(4.16) 


(4.17) 


(4.18) 


(4.19) 


(4.20) 


(4.21) 


(4.22) 
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Putting Y = Ё in (4.22) we get 

NX, б) = nQ9T(59. (4.23) 
Using (4.23) in (4.22) we have j 

NX, Y) = g(X, DNES. (4.24) 
Thus in view of the above discussions we can state the following : 


Theorem 4.1. On a nearly Kenmotsu manifold a second order symmetric recurrent tensor is 


a constant multiple of the metric tensor g. 


Thus we prove the above Theorem without assuming any condition. Hence we improve the 


proof of the Theorem 3.1 of [20]. 


Suppose that T is a non zero parallel 2-form. That is, T is a skew symmetric tensor of type 
(0,2). Then we have 


TE, ё) = 0. (4.25) 
This implies 

T(V,& £) = 0. (4.26) 
Using (6.1) in (4.26) we have 

ТХ, 5) — (DKES) = 0. (4.27) 


In view of (4.25), (4.27) gives us 

T(X, $) = 0. (4.28) 
Putting X — V, X in (4.28) we have 

T(V, X, 5) = 0. (4.29) 
Again from (4.28) we have 


ТҮ, X5) + ТО, У,б = 0. (4.30) 
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This implies 


H 


I(X, Y) n(Y)I(X, 6) 
п) 10076,5) 


= 0). (4.31) 


! 


which is a contradiction. Hence we can state the following : 


Theorem 4.2. There does not exist any non-zero parallel 2-form in a nearly Kenmotsu manifold. 


5. NEARLY KENMOTSU MANIFOLD SATISFYING R(X, Y.S =0 
In this section we prove the following equivalent conditions : 
Theorem 5.1. For a nearly Kenmotsu manifold the followingconditions are equivalent : 
(1) M is an Einstein manifold. 
(2) VS = 0 
(3) R(X, Y).S = 0 for all X, Y 
(4) RE, D.S = 0 for all Y, 
where S denotes the Ricci tensor. 
Proof. (1) => (2) > (3) = (4) is clear. 


Now we assume condition (4) which is equivalent to 


S(R(E, Y)U, V) + SCU, RG, Y)V) = 0. (5.1) 
Putting X = ё, V = Ё in (5.1) we get 
S(R(E, Y)U, 5) + 5(0, R(G Y)5) = 0, (5.2) 


This implies 


Sah 176 + n(U)E б) + SU, Y- n(Y)5) = 0. (5.3) 
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Using the condition S(X, Ё) = — 2nn(X) in (5.3) we get 

2ng(YX, U) - 2nn(U)n(Y) + SCY, Y) + 2gn(Y)n(U) = 0. (5.4) 
This implies 

S(U, Y) = ~ 2ng(Y, U). (5.5) 


Therefore M is an Einstein manifold. 


6. INVARIANT SUBMANIFOLD OF NEARLY KENMOTSU MANIFOLDS 


A submanifold M of a nearly Kenmotsu manifold M is called an invariant submanifold of M 


if ((TM)c (TM). We now prove the following proposition which will be used in the next section : 


Proposition 6.1. Let M" be an invariant submanifold of a nearly Kenmotsu manifold M. Then 
the following equalities holds on M" : 


УХЕ = X - n006 (6.1) 
a(X, E) = 0. (6.2) 
(Vxd)¥ = gX, YE — n(Y)6X. (6.3) 
R(X, NE = RX HE (6.4) 
о(Х, фу) = фо(Х, Y). (6.5) 


for all vector fields X, Y tangent to M. 


Proof Since M" is an invariant submanifold of a nearly Kenmotsu manifold M 


Vré = X - (HE (6.6) 
Using the Gauss formula (2.1) we get 
X — MAG = У„& = Vie + a(X, 9, (6.7) 


which gives us 


Vx% = X — 1(Х)5. 
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o(X, $) = 0. 
so we get (6.1) and (6.3). 
Since M is a nearly Kenmotsu manifold, we get from (3.2) 
(Уу, ФҮ = g(6X, ЮЕ - nex. 
Then in view of the Gauss formula, we have 
(УУ = УУ + AX, 0У)- 9V4Y ~ фо(Х, Р) 
Comparing tangential and normal part of (6.8) and (6.9), we get 
(Үүд = g(9X, YE – n(Y) ox. 
a(X, OY) = $o(X, Y), 
So we obtain (6.3) and (6.5) From the Gauss equation (2.3) we have 
RYE = КОХ YE + Agel — Ауу 
Then using О(Х, 0) = 0 we find 
RANE = RO VE 
which in view of (3.6), gives (6.4). 


Therefore from the Proposition 6.1 we can state the following : 


17 


(6.8) 


(6.9) 


(6.10) 


(6.11) 


Theorem 6.1. 4n invariant submanifold M" of a nearly Kenmotsu manifold M is a nearly 


Kenmotsu manifold. 


7. SEMIPARALLEL, 2-SEMIPARALLEL AND PSEUDO-PARALLEL INVARIANT 


SUBMANIFOLDS OF NEARLY KENMOTSU MANIFOLDS 


In this section we consider semiparallel, 2-semiparallel and pseudo-parallel in-variant 


submanifolds M of a nearly Kenmotsu manifolds А. Now we prove the following Theorems : 


Theorem 7.1. Let M" be an invariant submanifold of a nearly Kenmotsu manifold M. Then 


M" is semiparallel if and only if M" is totally geodesic. 
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Proof. Since М"! is semiparallel, we have К.а = 0. Then from (2.4) we have 


R^ (X, Y) aU, V) - o(R(X, РО V) - aU, RX Y) = 0 (7.1) 
for all vector fields X, Y, U and У tangent to M. Putting X = V = Ё in (7.1) we obtain 

К (& Y) (О, E) - a(R YU, 5) - o(U, RE, Уу) = 0 (7.2) 
Therefore (7.2) and (6.2) yields 

о(0, RE, Ү)5) = 0. (7.3) 
Then with the help of (6.4) we have 

a(Y, О = 0. (7.4) 


which implies that М" is totally geodesic. On the other hand it is easy to see that if M" is 
totally geodesic, then it is semiparallel. This completes the proof of the Theorem. 


Now, if M" has parallel second fundamental form, then it is semiparallel. Therefore we can 


state the following : 


Corollary 7.1. Let М" be an invariant submanifold of a nearly Kenmotsu manifold М. Then 
М" has parallel second fundamental form if and only if M" is totally geodesic. 


The second fundamental form a is birecurrent [23] if there exists a non-zero covariant tensor 
field B such that (V Vya- V, wa) (Y; Z) = B (X, W) a (У 2). In a recent paper [1] Aikawa 
and Matsuyama proved that if a tensor field Т is birecurrent, then R(X, Y).T = 0. Therefore 
by virture of the Theorem 6.1 we can state the following : 


Corollary 7.2. Let M" be an invariant submanifold of a nearly Kenmotsu manifold M. Then 
М" has birecurrent second fundamental form if and only if M" is totally geodesic. 


Theorem 7.2. Let M" be an invariant submanifold of a nearly Kenmotsu manifold M. Then 
M" is 2-semiparallel if and only if M" is totally geodesic. 


Proof. Since М" is 2-semiparallel. Therefore we have p.Va = 0. Then from (2.6) we obtain 


R(X, YXVaXU, И W) – (VaXR(X, Y) U, V. W) (7.5) 
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- (VaXU, R(X, РИ W) - (VoXU, V, R(X, YW) = 0 
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for all vector fields X, Y, U, V and W tangent to M. Taking X = V = Ё in (7.5) we obtain 


RYE, YXVayU, & Р) - (Уахк(5, Y) О & W) 
- (VaXU, RE, NE W) - (VoXU, ё RE YW) = 0 
Therefore in view of (6.1), (6.2) and (6.5) we have the following equalities: 
(VaXU, & W) = (Vya) (E, W) 
= Vi(a(5,W)) – AVEW) — a V, Р) 
= -a(U - 1006 W) 
= -a($U, W). 
(VARE, YU EW) = (Vrayu) (5, P) 
= Vienu eÉ PY — Arend M 
-Q(5, Vive nu 
= OV a6 уб, Ж) 
= — RE, YU – NRE NUE, №) 
(Va URE, YEW = (VyaXR(E YE W) 
V:yo(R(&, YE, W) — AV REYE, W) 
-о(К(Ё, NE, VyW) 
Viya XW) — “СУ - qo), W) 
-a(Y УЙ) 


and 
(VaXU,ER(E YW = (Vax, RE, YW) 
= Viale, RE, Y)W) — a(Vyé RE Y)W) 


(7.6) 


(7.7) 


(7.8) 


(7.9) 


(7.10) 
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-0(6, VyR(S, УУР), 
= —a(U — 1(0)5, RE Y)W) 
Using (7.7) — (7.10) in (7.6), we obtain 
R(E, Yau, W) + a(9R(6, ZU, W) – Vya W) (7.11) 
+ a(Vy(Y – n(Y)5 W) + al% V,W) – alU- nye RG YW) = 0. 
Putting W = & in (7.11) we have 


a(y, U + О(У U) = 0. (7.12) 
It follows that 

2o(Y, U) = 0. | (7.13) 
Непсе 

o(Y, U) = 0. (7.14) 


Therefore M" is totally geodesic. Conversely, if M" is totally geodesic (œ = 0), then 


R-Va = 0 is trivial. Hence the Theorem. 


Theorem 7.3. Let M" be an invariant submanifold of a nearly Kenmotsu manifold M. Then 
M" is pseudo-parallel if and only if M" is totally geodesic provided f # — 1. 


Proof. Since M" is pseudo-parallel invariant submanifolds of nearly Kenmotsu manifolds. 


Therefore we have 


R (X Da = RE о) (7.15) 


holds for all vector fields X, Y tangent to M, where f denotes real valued function on М". 


The equation (7.15) can be written as 
R(X Yau, V) - a(RX NU, V) - a (U, R(X, Уу) (7.16) 
= — Ло ^, NU, V) + aU, (X л, РИ). 
where (X ^, 1) is defined by 


(X ^, NZ = (Е DX - g(X, DY (7.17) 
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Using (7.17) in (7.16) we have 
R(X, Yau, V) — a(R(X, YU, V) – a (U, RX Уу) (7.18) 
= — Ле U)a(X, V) - g (X, U) а (Y, V) 
*g(5 U)a (U, X) - g(X, V) a (U, Y)]. 
Putting X = V = E in (7.18) we get 
R(E, Y)a(U 5) - a(R YU, 5) - ay, RE, PE) (7.19) 
= - fig Uae, V5) - g(& 0 a (5 5) 
teh $a (U, 5) - g(6 9 а (О Y)]. 
It follows that 
(f * D) «(U Y=0 (721) 
i.e., a(U, Y) = 0 which gives M" it totally geodesic, provided f 5-1, 


Conversely, let M" be totally geodesic. Clearly from (6.4) it follows that M” is totally geodesic. 
This completes the proof of the Theorem. 


In view of the Theorem 6.1 — 6.3, we can state the following : 


Theorem 7.4. Let M" be an invariant submanifold of a nearly Kenmotsu manifold M. Then 


the following statements are equivalent : 
(1) M" is semiparallel; 

(2) M" is 2-semiparallel\ 

(3) M" is pseudo-parallel provided f # —1. 
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DERIVATIVE OF e^ 


Jvori Das (NEE CHAUDHURI) 


ABSTRACT : The derivative of exp[ 4(x)] with respect to x has been determined, where A(.) = (a,(.)) 
is an n х n matrix function, defined on an interval J, i.e., each a, is a real valued differentiable function 


on J, keeping in mind that A(x), 41Х), for x € J, may or may not commute (’ denoting differentiation 


with respect to x). 


Key words : Derivative, Matrix function, Exponential of a matrix. 


1. INTRODUCTION 


Let АС.) = (a,.) be an л х n matrix function, defined on an interval J, where each a, 15 


a real-valued function on J. 


The exponential function e^ is defined as 


pou = 1, В А70) (х EJ), (1.1) 


where J denotes the n x n identity matrix. That, the infinite series in (1.1) is uniformly 


convergent on J, can be proved by taking any norm of A(x), since 


> 4 P 
r=0\ 7 У is convergent for all real y. 


A(x) 


d 
Problem : 7o find 27 for x € J, if the entries a,(.) are all differentiable on J. If n 


= 1, it 15 well-known that 


d 
Aa _ g^ A(x) = A'(x)e^9, (1.2) 
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where ' denotes differentiation with respect to x. 
If n > 1, the validity of (1.2) is not guaranteed; (1.2) is not true if A4(x)A'(x) + A'(x)A(x). 
A(x) 


d 
The aim here is to establish the formula for 20 ‚ that will be true for all possible 
X 


cases. 
The following theorem represents the result sought for. 


Theorem : If А is an л х n matrix on the set of real valued differentiable functions on 


an interval J, then 





d A(x) _ ,A(x) „, оо I n+l an+tl—k ‚ ak 
PES =е А9 +2 =O Gy ay eka lA CIA, A™), (13) 
A(x) I 





= AQ). e^ V ey эмы QUA aa, uu) 


0 (n 42)! 
where С(А, B) : = AB — BA. 


Both the formulae (1.3) and (1.4) are valid whether or not A(x), A(x) commute with each 


other. 


Taking any norm on the set of matrix functions, it 1s noted that 








A ege, ak) ЗУРАГ”! eoe a) «2061 АГ. (1.5) 








апа 


3 "ч n+l 
seth ocak anan tlk C(A*,, А?) A". ag 





АТ 

















п+1 
SL I 











ИГ «20 


(1.5)/(1.6) respectively ensures that the series in (1.3) / (1.4) is convergent. 
2. Derivative of A(x) B(x), x e J 


Let АС) = (a,()) and BC.) = (5,(.)) be two n x n matrices with entries that are real valued 


differentiable functions on an interval J. 
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Then, for all x € J, A(x) В(х) = (а(х) (09) = [X i EL o 
ER 204 үүл 
So, for all x € J, EE [4(x) B(x) = ( d pn kai a (x) 5,6) 
= (Буш (G0) Бъ) + а(х) 8,0)) 
(Хо. О) Оо у OUO 


Непсе < [А(х) В(х)] = А'(х) В(х) + A(x) B), (x € Л (2.1) 
3. Derivative of A'(x), when A'(x) A(x) = A(x) A'(x) (x € Л: (3.1) 
Taking B(x) = A(x) for all х є J in (2.1), one obtains, using (3.1), 

2 Ах) = A(x) A(x) + A(x) А) = 24x) AQ) = 2400) AQ xe Л (3.2) 
Assuming that, for some positive integer m, 

< А" (x) = mA'(x) A™ (x) = mA®"(x) A(x) holds for all x e J, (3.3) 


one derives 


2 А" (x) = A(x) A"(x) + А(х) < A" (x), xeJ 
= A(x) A" (x) + A(x). mA' (x) A"! (x), [using (3.3)] 
= (m + 1) A'(x) A"(x), (x є Л. [using (3.1)] 


Similarly it can be proved that 

A"! (x) = (m + 1) A"(x) A! (X), (xe) 

Hence, by the method of induction, it follows that, for any positive integer л, 

2 A" (x) = nA! (х) A(x) = nA(x) A™ (x), (x € J), Ge) 


if A'(x) A(x) =A (x) Ах), (x € J). 
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4. Derivative of e^? when A'(x)A(x) = A(x)A'(x) (хє J): 
It is noted that the series in (1.1) defining e¢ is uniformly convergent on any interval J and so is 


its derived series. Hence the series (1.1) can be differentiated term by term. 


50 one obtains, for all x e J 





d Ах) соо 4,1 ‚к, «0 AMEN T NT 
e = У CHOSE „ща ()А'(х) 





1 ! =] й : 
r=] (r—1)! A'Q)A" (x), [using (3.4)] 


25 

= оо Ioas A’ = 4 Д! oo 145 

= {E oE OO = (4052 0::476) 
d Ад) 
4х 
provided 4х) 4(х) = 4(х) Ах). 


і.е. = ей А (х) = A'(x). e^, xe J, 
S. Derivative of А^(х) when A(x), 4 (х) may not commute : 


If A(x), A(x) do not necessarily commute, it is clear from (3.2) that the derivative of A?(x) cannot 
be claimed to be 24(x) A(x) or 2A (x) A(x). 


In fact we can only derive from (2.1) that 
4 

gs A*(x) = A(x) A(x) + A(x) A'(x), xe J. 

Writing C(A, B) for A(x) B(x) — B(x) A(x), x є J, and omitting the variable x for brevity, we have 
d d 

вА 0-7 p A? = 2A'À + C(A, А) = 2AA'+ C(A', А) (5.1) 


It is claimed that, for all positive integers л, and for all x є J, 


d d 
mim A" (x) 227 2122. 


2 —— At пан A' + du A* 717 күл, ab, (5.2) 


= р A'Ari + M c(A*, AyAn-1-& | (5.3) 
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(5.2) and (5.3) are proved below by the method of induction. 
Assume that (5.2) holds for some positive integer m. 


Then 


£ gm E А" А “уд + An At 
хил (ар, 2 


= {maw Ars Y, 14m7 175 сүй, dy A+ ana? by (5.2) 

= A" А+ АА" + AA'A™ + ДААЖ? +... + АЗАА + АМАА 

= (т + 1) А”А'+ (A'A" - AAY) + АДАА —A™ AY) + ... + 

А? (A'A? — АА) + А*!(А'А — АА?) 

= (т + 1) Ana's УТ 1A 7E ca", 49, (5.4) 
Hence, from (5.1) and (5.4) it follows by the method of induction that (5.2) holds for all positive 
integers л. Similarly it can be proved that (5.3) holds for all positive integers n. 
6. Derivative of е4 when A'(x), A(x) may not commute : 


The facts that the infinite series (1.1) representing е^ is uniformly convergent on any finite 
interval J, and that its derived series is also uniformly convergent on J, ensure that the series (1.1) 


can be differentiated term by term. 


So one derives 


4 А(Х) | yo l| d п 
R^ er 
? со Í -| t —] п-1-Ё i k : 
= A’ + en 4 A DNE. C(A',A")), using (5.2) 
= со 21 n—i,, со E3 n-l ,n-l-k , К 
а жас. А v sspe Á C(A', A’) 
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_ „А(х)„, ОО ! 
=@ О 1 х= 





| 1-К , 
2, А _ Td oe ROA ‚А* ^ which proves (1.3). 


Similarly (1.4) can be proved by using (5.3) instead of (5.2). 
Note : It is to be noted that, if A(x), A(x) commute, 
C(A', А?) 0 = C(4*, A for all positive integer, k. 


Hence if A(x), A (x) commute, 


d 
an = e^9. A(x) = A'(x). е^®, 
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EXAMPLES COMPARING LINEAR AND QUARDRATIC 
NATURAL BOUNDARY CONDITIONS ASSOCIATED 
WITH А SECOND ORDER LINEAR HOMOGENEOUS 
DIFFERENTIAL EQUATION 


JAYASRI SETT AND SUSMITA DAS 


ABSTRACT : We consider the second-order linear homogeneous Ordinary Differential Equation (ODE) 
poCOy" (х) + p,C9y' G9 + р,(х)у(х) = 0 (1) 


where pg, р, р, are continuous complex valued functions and р(х) + 0 for all real 


x € [a, b]. We consider the Linear Boundary Condition (BC) of the form 


U, [y] = бүу(а) + o5y'(a) + озу(Ы) + o4y^(b) = 0 (2) 
and Quadratic Boundary Condition (QBC) of the form 
V, [y] = oy(a) + anya) + озу) + о;у?) = 0 (3) 


where 0, @,, Ол, &, are real numbers, U [у] апа У [у] are associated (1). 


Let €, п : [а, b) — C denote the linearly independent solutions of (1) which satisfy the following 


initial conditions 


G(a) = 1 e (a) = 0 (4) 
n(a) = 0 n'(a)-1 (5) 
Let &(b) 56, + 05, БЫ) = E, +1, (6) 
n(b) = n; + in; 10) = 1, + in^ (7) 


where €,, &,, n, n’, (i = 1, 2) are real numbers. 


If all the solutions of (1) satisfy the BC (2) then the BC (2) is called the Natural Boundary 
Condition (NBC) corresponding to (1). 
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The necessary and sufficient condition for the DE (1) to possess a NBC of the form 
(2) is $n; — 82, = 0. This result and different cases of NBCs are established in the paper 
"On the Boundary Conditions Associated with Second Order Linear Homogeneous Differential 


Equations’ [Archivum Mathematicum Tomus 40 (2004)] by J. Das. [2] 


If all solutions of the DE (1) satisfy QBC (3), then the QBC (3) is called Quadratic 
Natural Boundary Condition (QNBC) corresponding to (1). The necessary and sufficient 
condition for the DE (1) to possess a QNBC of the form (3) is that the coefficient determinant 
of any two equations of the following four equations 

«(бї = 5215) + 0 (5 m, E $40 >) =o 

0.051; = Ein.) + 0 (511 Е 515) -0 

035155 + ©4575; = 0 (А) 

0115 + onm, = 0 
is Zero. This result and different cases of QNBCS are established in the paper ‘Quadratic Natural 
Boundary Conditions Associated with Second Order Linear Homogeneous Differential Equa- 


tions’ by Jayasri Sett and Susmita Das. This paper has been published in Bull. Cal. Math. 
Soc., 105(5), 325 — 332 (2013). [5] 


In the present paper we consider examples examining whether for DE (1) linear NBCs 
and QNBCS (1) exist simultaneously, (ii) do not exist at all, (iii) NBC exists but QNBC does 
not exist, (iv) NBC does not exist but QNBC exists. 


51, INTRODUCTION 
We consider the second-order linear homogeneous ODE 
poCOy Q9) + p,G9y QD) + po(x)y(x) = 0 (1.1) 


where pg, р, p, are continuous complex valued functions and рох) # 0 for all real 


x € [a, b]. 
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We consider two types of Boundary Conditions associated with (1.1). 


1, Linear Boundary Condition (BC) of the form 


U, [y] = a, y(a) T ду (а) + a,y(b) + «у (b) =) (1.2) 
where Q,, Ол, Ол, c, are real numbers. 


To explain the concept of Natural Boundary Condition (NBC) we consider the DE 
y (x) + у(х) = 0 on (0, x]. The linearly independent solutions of this equation i.e., sin x and 
cos x satisfy the non-trivial linear homogeneous BCs y(0) + y(x) = 0 and y'(0) + y(x) = 0. 
This means all solutions in the solution space of the given DE satisfy the BCs. Such BCs 
are referred to as Natural Boundary Conditions (NBC). 


II. Quadratic Boundary Condition (QBC) of the form 
V [y] = aya) + а„у' (а) + o,y^(b) + a,y2(b) = 0 (1.3) 
where 01, 05, Од, @„ are real numbers. 


Here also we explain the concept of Quadratic Natural Boundary Condition (QNBC) 
by the example y"(x) + у(х) = 0. We note that all solutions of this DE satisfy the Quadratic 
BCs у2(0) — у*(т) = 0 and у?2(0) — y(n) = 0. Such BCs are referred to as Quadratic Natural 
Boundary Condition (QNBC). i 


Considering the above two examples the following questions may be asked 
(i) whether there always exist a NBC and a QNBC with respect to the DE (1.1) or not. 


(ii) If there exist NBC and QNBC, how many linearly independent NBCs and QNBCs are 
there with respect to the given DE? This paper is based on the following two papers which 
answers the above questions. One is ‘On the Boundary Conditions Associated with Second- 
order Linear Homogenous Differential Equations’ by J. Das [Archivum Mathematicum Tomus 
40 (2004)] [2] and another is ‘Quadratic Natural Boundary Conditions Associated with Second- 
order Linear Homogeneous Differential Equattons' by Jayasri Sett and Susmita Das. [Bull. Cal. 
Math. Soc., 105(5), 325 — 332 (2013)]. [5] 
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The aim of the present paper is to consider examples comparing different combinations 
of existence and nonexistence of NBC and QNBC. There are nine cases to consider where 


a DE is given. 
(2 NBC and QNBC both do not exist. 
(11) NBC does not exist but one ОМВС exists. 
(11) NBC does not exist but two QNBCs exist. 
(iv) One NBC exists but QNBC does not exist. 
(v) One NBC and one QNBC exist. 
(vi) One NBC exists and two ONBCSs exist. 
(vii) Two NBCs exist but QNBC does not exist. 
(viii) Two NBCs exist but one QNBC exists. 
(ix) Two NBCs and two QNBCs exist. 


In 82 we have quoted from [2] the necessary and sufficient condition for the existence 
of NBC of type (1.2) and the number of NBCs for (1.1) in different cases. In S3 we have 
quoted from [5] the necessary and sufficient condition for the existence of QNBC of type (1.3) 


and the linearly independent QNBCS in different cases. S4 deals with the examples of cases 
(i) - (ix). 
Before proceeding to 82 we give some necessary preliminary results. 


Let £, п: [a, b] — C denote the linearly independent solutions of (1.1) that satisfy the following 


initial conditions 
E(a) = 1 $(a) = 0 (1.4) 
n(a) = 0 na) = 1 (1.5) 


As the coefficients pg, ру, p; in (1.1) are complex valued the solutions 5, т| are complex 


valued. 
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Let Eb) = 6 + it, E(b) = Ej + it,’ 
n(b) = n, + in, 1 (0) = п + in,’ 

where &, 5', 1, 1, (i = 1, 2) are real numbers. 
§2. Theorem 1 : The necessary and sufficient condition for the DE (1.1) to possess a NBC 
of the form (1.2) is 5,7, — 5,1, = 0. 

Two cases have been considered 

(i} (5, 55, nj, Ny’) € 0 

(1) (5, 55» 1» n5) = 0. 
In case (1) the NBC with respect to the DE (1.1) is 
(5,5; ~ 5,5) y (a) + (бут, — $n) y (а) - $/y(b) + &,’y(b) = 0 (2.1) 
In case (ii) two linearly independent NBCs exist with respect to the DE (1.1) viz., 

БуУ@) + ту'@а) - уф) = 0 (2.2) ` 

$1 y(a) + n, y(a) – уф) = 0 (2.3) 
53. Theorem 2 : The necessary and sufficient condition for the DE (1.1) to possess a QNBC 


of the form (1.3) is that the coefficient determinant of any two equations of the following 


four equations 
(бү - SoMa) + «(Бп - 875 = 0 
«(Бл - $m) + о (55у - 8m = 0 
03515) + 0457155 = 0 (3.1) 
04705 + amn = O 


is zero. 


Two cases arise : 
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Саве (i) : If at least one element of the coefficient matrix of (3.1) is not zero (e.g., Nin # 0) 
then only one QNBC exists. The ONBC is of the form 
тб - n'n55/^ - n8; + 11152] ya) + 
п’? = Ч 112112” = 11111211 12 T NNN] y*(a) яс 111 2У (b) + TN Noy Ab) -0 (3.2) 


Case (ii) : If all the elements of the coefficient matrix of (3.1) are zero, then two linearly 


independent QNBCs exist. 
They are of the form 
(^-o59y(0*(0?;-q]9)y Gy (b) = 0 (3.3) 
and EF — 8,9 y^ (a) + Q^ - n69y*(a) + у? (Ы) = 0 (3.4) 
4. Examples of cases (i) — (ix) 
Case (i) : Both NBC and QNBC do not exist. 
Ex. Consider y"(x) + 2iy'(x) — у(х) = 0, x € [0, x] (4.1) 
We have E(x) = (1 + ixje™ and п(х) = хех 
EXx) = х ех and (х) = ех – іх e™ 
сүме Бена Буте 070. 
пр 1,490, Тре е 
Then  &mn,-E,m =- 2 #0 
So NBC does пої exist by Theorem 1 in 82. 


Also after calcutation the coefficient detefminant of any two equations of (3.1) is not zero. 
So QNBC does not exist by Theorem 2 in 83. 


Case (ii) NBC does not exist but one QNBC exists 


Ex. Consider y"(x) + iy'(x) + 6y(x) = 0, x € [0, т] (4.2) 
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2 -3i 3 5i 


and 


Here 


Here 


no = l-3ix _ 1 2ix 
5 
: -6i -3ix , 6i 2ix 
m — + — 
E(x) 25 zê 


5a’. — 551 * 0. 


So NBC does not exist by Theorem 1 of 82. 


12 
Here б/п", + em, = “26 * 0 i.e., one element of the coefficient matrix of (3.1) is not zero. 


The coefficient determinant of any two equations of (3.1) is zero. Hence one QNBC exists 


by case (1) of Theorem 2 of 83. 


This QNBC is of the form 


[(S n^, " 51) 67 12 (Б, + 517) 85 = e (En, + 5,1) F A (5,1, E: 5mly^ (a) 
+ Лү, + 67115) 17, xi (Лү, i 51m) "n = n (&n, + $n Tq (5.1, + пу? (а) 
ES (Бл + $17) y? (b) + (бл, T Emy (b) = 0 


Substituting the values the QNBC becomes 


6(yX0) — у2(л)) – (у200) – y?) = 0 
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Case (iii) NBC does not exist but two QNBCs exists. 


л 
Consider y"(x) + 2iy'(x) + 3y(x) = 0, x Н (4.4) 
дэх 
We have E(x) =~ +307 
4 
IX _„.-31Х 
ВЕТ aoe де 21е 
—8 
SIX ‚л. IX 
, ме + 316 
Х 
S (X) Я 
2e!” бе721х 
(x) = 
1 -8 
Here poire 5, = 1, 1; = 0, п, = 0 
S =U, 55 =), LU = 0, n’ e 


Hence NBC does not exist by Theorem 1 of S2. 


But all elements of the coefficient matrix of (3.1) are zero. Hence two QNBCs of the form 
(3.3) and (3.4) exist by case (11) of Theorem 2 of 83. 


л 
These QNBCs are y^(0) + Y (E ]-o (4.5) 


20) + y 5). 0 (4.6) 


Case (iv) : One NBC exists but QNBC does not exists. 


98 JAYASRI SETT AND SUSMITA DAS 


Consider (1 — ix?) у”(х) + 21ху(х) — 2iy(x) = 0, x e [0, x] (4.7) 
Here E(x) = 1 + іх? and (х) = х 
E’(x) = 2ix and (х) = 1. 
Неге 57) = 1 + in^ > € =1, 6, = п 
S (л) = 2in => E = 0, t^ = Qn 
(л) = л > nz п = 0 
(т) = 1 s mL n = 0 
Неге Eon’, — 571, = 0 and 5, + 0 6, = 0 


One NBC exists by case (i) of Theorem 1 of $2. 
This is 2(y(0) — y(n) + л(у (0) + ym) = 0. (4.8) 


After calculation the coefficient determinant of any two equations of (3.1) are not zero. So 


QNBC does not exist by Theorem 3 of 83. 


Case v : One NBC and one QNBC exists. 


Consider у(х) – iy'(x) = 0, xe [0,m] (4.9) 
We have Ex) = 1 and n(x) = i(1 — ех) 

$00 = 1 => § =1, E= 0 

$(n) = 0 => 5-0, 55 = 0 

nm) = 21 => N = 0, 15 2 

n'(x) = —1 > 112-1, Hs = 0. 


Неге Eon’, = 61 = 0 but 1’, # 0 
Hence one NBC exists by case (i) of Theorem 1 in 82. 


This NBC is — у(0) + y(n) = 0 (4.10) 
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Also one element EN, + $n, = 2 of the coefficient matrix of (3.1) is not zero. But the 


coefficient determinant of any two equations of (3.1) is zero. 
Hence by case (1) of 83 of Theorem 2, one QNBC exists. 
After calculation this QNBC is y’2(0) — у (т) = 0 (4.11) 


Case (vi) : One NBC exists but two QNBCs exists. 


л 
Consider (Зе! + ех) y"(x) — (—9ie?* + je'*) у(х) = 0, X <| 0.2 | (4.12) 
3 -31X E 
Hence E(x) = 1 and тх) = 2 
-3ix , „IX 
3 + 
E(x)- 0 апа roem 
T 
(=) = 1 = 6 = 16, = 0 
/ х ez шэг E om 
(2|-0-5-05 0 
n 
? х , даж 
«(2 20108901) 0, 1, Ї 
Неге Eon’, - 8.1, = 0 but т, 40 
Hence one NBC exists by case (i) of Theorem 1 of §2. 
- 7 
This ts y(0) — (=) = 0. (4.13) 


All elements of the coefficient matrix of (3.1) are zero. Hence two QNBCs exist by case (11) 


of Theorem 2 of §3. 
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These QNBCs are у2(0) — y? B -0 (4.14) 
and у2(0)-у2 BH -0 (4.15) 


Case (vii) : Two NBCs exist but one QNBC does not exist. 
This case is not possible. 
If two NBCs exist then 5,15 — 5,1, = 0 and also 5, = 5, = 1, = 1, = 0. 


Then the coefficient determinant of any two equations of (3.1) is zero so at least one QNBC 


will always exist. 


Case (viii) : Two NBCs exist and one QNBC exist. 


Here xy" (x) + 2y'(x) + T =0, x € [л, 27] (4.16) 


Similar examples are given in [1 lecture 30]. 











msin® 2cos* 
Here E(x) = 2 
Х Х 
2 пс052 
n(x) =—————2 
Х 
- X 
l SH) — 
Бор adii ug Out. É 
x2 2:--2 2 x? 2 
Эд x sin X 
Tl (X) = — cos — + 2 
x^ 2 X 
tom = — 5t E = 0 
^R Loa ee 
А 1 1 : 1 l 5 
51053 эмир сое бране жилт ий 


og? 4 
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n27)712m,71, 1, = 0. 


norm 
an’ 2 


YOR) = -> > n= 
Hence $1; — GaN, = 0 and & = 5, = 1, = m^ = 0. 
Hence two NBCs exists by case (11) of Theorem 1 of 82. 
These QNBC are y(n) + лу'(л) — ny(2x) = 0. (4.17) 


(n2 + 2) y(n) + 2ny'(n) + 4л2у'(2л) = 0 (4.18) 


Again 5m, — Gn, = - + 0 and jm, — 85,0, = a # 0. The coefficient determinant 
of any two equations of (3.1) is zero. 
Hence by case (i) of Theorem 2 of §3 one QNBC exists. 
This is given by 
[Ел = £71) E - (ту = 8512 82, - (буту – 59 £^, + Gm, – En) y" (а) 
+ (Em, - Eum, - Gyn’, Em)", - n - Eng, + Gm, - 5n3n7^ Y^ @) 
= (Emi - £505) y? (Б) + ($m; - £n) у? (5 = 0 
Substituting the values the QNBC is 

(n2 + Dy? (л) — 272у2( 7) + 2(x? + 2)y? (2n) – l6my"(2m) = 0 (4.19) 


Case ix : Two NBCs and two QNBCSs exist. 


Ex. у(х) + у(х) = 0. xe [0, x] (4.20) 
We have (х) = cos x, n(x) = sin x. 
Є(х) = — sin x, n(x) = cos x. 


(5) = – 1 => § =-1, E, = 0 
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$ (n) = 0 =» UD 2 = 0 
n(x) = 0 => nT, = 0, n; = 0 
п (7) = – 1 > тр=-1, n, = 0. 


Here Eon’, – 540; = 0 and 5, = 5, = 1, = 1, = 0. 

Hence опе NBCs exists by case (ii) of Theorem 1 of $2. 

They аге y(0) + y(1) = 0 (4.21) 
y'(0) + y'(1) = 0 (4.22) 


Also all elements of the coefficient matrix of (3.1) are zero. Hence two QNBCs exist by case 
(ii) of Theorem 2 of 83. 


They аге у2(0) — у2(л) = 0 (4.23) 


у2(0) — y^(n) = 0 (4.24) 
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GENERALIZED B CONNECTEDNESS IN 
INTUITIONISTIC FUZZY TOPOLOGLCAL SPACES 


D. JAYANTHI 


ABSTRACT : In this paper we have introduced intuitionistic fuzzy generalized B connected space, 


intuitionistic fuzzy generalized В super connected space and the intuitionistic fuzzy generalized p 
extremally disconnected space. We investigated some of their properties. Also we characterized the 


intuitionistic fuzzy generalized В super connected space. 


Key words and phrases : Intuitionistic fuzzy topology, intuitionistic fuzzy generalized B connected space 


and intuitionistic fuzzy generalized [| super connected space. 


1. INTRODUCTION 


Zadeh [11] introduced the notion of fuzzy sets. After that there have been a number of 
generalizations of this fundamental concept. Atanassov [1] introduced the notion of intuitionistic 
fuzzy sets. Using the notion of intuitionistic fuzzy sets, Coker [3] introduced the notion of 
intuitionistic fuzzy topological space. Connectedness in intuitionistic fuzzy special topological 
spaces was introduced by Selma Oscag and Dogan Coker [7]. In this paper we have introduced 
intuitionistic fuzzy generalized B connected space, intuitionistic fuzzy generalized D super 
connected space and the intuitionistic fuzzy generalized B extremally disconnected space. We 
investigated some of their properties. Also we characterized the intuitionistic fuzzy generalized 


B super connected space. 
2. PRELIMINARIES 
Definition 2.1 : [1] An intuitionistic fuzzy set (IFS in short) Ain X is an object having the form 


А = {<x IG), уд) / x e X) 


where the functions р, : X — [0,1] and v, : X — [0,1] denote the degree of membership 
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(nemaly Ц(х)) and the degree of non-membership (namely v,(x)) of each element x e' X 
to the set A, respectively, and 0 S џ,(х) < 1 for each хє X. Denote by IFS (X), the set of 
all intuitionistic fuzzy sets in X. | 

Definition 2.2 : [1] Let A and B be IFSs of the form A = {<x, р, (х), у„(Х)> / x e X} and 
B = {<x, р(х), УдХР / x € X}. Then 

(a) Ас B if and only if р, (х) S рь(х) and у, (х) 2 vg(x) for all x e X 

(b) A= B if and only if A c Band Bc A 

(с) A, = {<х, у(х), IA G9» / x e X) 

(d) A ^ B= (х, IG) ^ Hp), va) v y / xe X) 

(e) A U B = {(х, ра(х) v Hg, У(Х) л увк) / хє X) 

The intuitionistic fuzzy sets 0— = («x, 0, 1» / x e X) and l~ = {<x, 1, 0> / x e X) are 
respectively they empty set and the whole set of X. 


x 


For the sake of simplicity, we shall use the notation A = «x, Ц., v,7 istead of = {<x, р, (х), 
v(x / xe X}. 

Definition 2.3 : [3] An intuitionistic fuzzy topclogy (IFT for short) on X is a family t of IFSs 
in X satisfying the following axioms. 

(i) 0-, 1-6 т 

(1) б, A G, є т for any G, GE т 

(11) о G, є т for any family (G,/ 1 e J} ct. 

In this case the pair (X, 7) is called in intuitionistic fuzzy topological space (IFTS in short) 
and any IFS in т is known as an intuitionistic fuzzy open set (IFOS in short) in X. The 
complement A* of an IFOS A in IFTS (X, т) ts called an intuitionistic fuzzy closed set (IFCS 
in short) in X. 

Definition 2.4 : [10] An IFS А = «x, Ha, v4» in an IFTS (X, т) is said to be 

(1) intuitionistic fuzzy B closed set (IFBCS for short) if int(cl(int(A))) c A. 

(ii) intuitionistic fuzzy В open set (IFBOS for short) if A c cl(int(cl(A))). 
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Definition 2.5 : [4] Let A be an IFS in an IFTS (X, т). Then the B-interior and the B-closure 
of A are defined as 

Bint (A) = о {G / G is an IFBOS in X and G c A}. 

Bel (A) = ^ {K/K is an IFBCS in X and A c К). 

Note that for any IFS A in (X, т), we have Bcl(A°) = (Bint(A))* and Bint(A*) = (Bcl(A))* [4]. 
Definition 2.6 : [8] An IFS A is an intuitionistic fuzzy generalized closed set (IFGCS for short) 


if СКА) c U wherever А c U and U is an IFOS. The complement of an IFGCS is called 
an intuitionistic fuzzy generalized open set (IFGOS for short). 

Definition 2.7 : [8] Two IFSs A and B are said to be g-coincident (A q B in short) if and 
only if there exists an element x є X such that p, (x) > v,(x) or v (x) < нь(х). 
Definition 2.8 : [8] Two IFSs A and B are said to be not q-coincident (A q* B in short) if 
and only if A c B,. 


Definition 2.9 : [8] An IFTS (X, т) is said to be an ЇЕТ,,, space if every IFGCS in 
(X, т) is an IFCS in (X, 7). 


Definition 2.10 : [4] An IFS A in the IFTS (X, т) is said to be an intuitionistic fuzzy generalized 
B closed set (IFGBCS for short) if Bcl(A) c О whenever A с U and U is an IFOS in 
(X, 1). Every IFCS, IFBCS is an IFGBCS but the separate converses may be true in general. 
The complement A* of an IFGBCS A in an IFTS (X, 1) is called an intuitionistic fuzzy 
generalized B open set (IFGBOS for short) in X. Every IFOS, IFBOS is an IFGBOS but the 


separate converses may not be true in general. 


Definition 2.11 : [4] Let A be an IFS in an IFTS (X, т). Then the generalized B-interior and 
the generalized B-closure of A are defined as 

gDint (A) = w {G / G is an IFBOS in X and G c A}. 

gBcl (A) = ^ {K/K is an IFBCS in X and A c K} 

Note that for any IFS А in (X, т), we have ерсї(А2) = (gBint(A))* and gBint(A^) = (gBcl(A))*. 
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Definition 2.12 : [5] A mapping f : (X, t) > (Y, ©) is called ап intuitionistic fuzzy generalized 
B continuous (YFGB continuous for short) mapping if f^! (V) is an IFGBCS in (X, 1) for every 
IFCS V of (Y, o). 

Definition 2.13 : [5] A mapping f : (X, т) (Y, 0) 18 called intuitionistic fuzzy generalized 
B irresolute (IFGB irresolute) mapping if f! (V) is an IFGBCS in (X, т) for every IFGBCS 
V of (Y, с). | 

Definition 2.14 : [4] If every IFGBCS in (X, 1) is ап IFBCS in (X, +), then the space can 
be called as ап intuitionistic fuzzy В T, space (IFBT,,» space for short). 

Definition 2.15 : [4] An IFTS (X, 1) is said to be an intuitionistic fuzzy D T*,, space if 
every IFGBCS is an IFCS in (X, т). 

Definition 2.16 : [9] Ап IFTS (X, т) is said to be ain intuitionistic fuzzy C ;-connected (IFC.- 
connected for short) space if the only IFSs which are both intuitionistic fuzzy open and 
intuitionistic fuzzy closed are 0~ and I~. 

Definition 2.11 : [8] An IFTS (X, 7) is said to be аш intuitionistic fuzzy GO-connected (IFCO- 
connected for short) space if the only IFSs which are both intuitionistic fuzzy generalized open 


and intuitionistic fuzzy generalized closed are 0- and i~. 


Definition 2.12 : [6] An IFS (X, т) is intuitionistic fuzzy C,-connected between two IFSs A 
and В if there is no intuitionistic fuzzy open set E in (X, т) such that А c E and E q°B. 


3. INTUITIONISTIC FUZZY GENERALIZED B CONNECTED SPACES 


In this section we introduce intuitionistic fuzzy generalized B connected space and intuitionistic 
fuzzy generalized B super connected space. We investigate some of their properties. 

Also we provide a characterization theorem for an intuitionistic fuzzy generalized В super 
connected space. 

Definition 3.1 : An IFTS (X, т) is said to be an intuitionistic fuzzy generalized B connected 


space if the only IFSs which are both intuitionistic fuzzy generalized B open and intuitionistic 
fuzzy generalized B closed are 0~ and I~. 
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Example 3.2 : Let X = (a, b} and 1 = (0—, M, 1~} be an IFT on X, where М = «x, (0.5,, 
0.6,), (0.5,, 0.4,)>. Then (X, т) is an intuitionistic fuzzy generalized В connected space. 


Theorem 3.3 : Every intuitionistic fuzzy generalized [| connected space is an intuitionistic 


fuzzy C.-connected space but not conversely. 


Proof : Let (X, т) be an intuitionistic fuzzy generalized B connected space. Suppose (X, т) 
is not an intuitionistic fuzzy C,-connected space, then there exists a proper IFS A which is 
both intuitionistic fruzzy open and intuitionistic fuzzy closed in (X, т). That is A is both 
intuitionistic fuzzy generalized D open and intuitionistic fuzzy generalized B closed in (X, 1). 
This implies that (X, т) is not an intuitionistic fuzzy generalized B connected space. This is 
a contradiction. Therefore (X, т) must be an intuitionistic fuzzy C,-connected space. 

Example 3.4 : Let X = {a, b) and t = {0~, M, I~} be an IFT on X, where M = <x, 
(0.5,, 0.4,), (0.5,, 0.6,)>. Then (X, т) is an intuitionistic fuzzy C;-connected space but not 
an intuitionistic fuzzy generalized B connected space, since the IFS M in т is both intuitionistic 


fuzzy generalized В open and intuitionistic fuzzy generalized В closed set in (X, т). 


Theorem 3.5 : Every intuitionistic fuzzy generalized B connected space is an intuitionistic 


fuzzy GO-connected space but not conversely. 


Proof : Let (X, т) be an intuitionistic fuzzy generalized D connected space. Suppose (X, т) 
is not an intuitionistic fuzzy GO-connected space, then there exists a proper IFS А which is 
both intuitionistic fruzzy g-open and intuitionistic fuzzy g-closed in (X, т). That is A is both 
intuitionistic fuzzy generalized B open and intuitionistic fuzzy generalized B closed in (X, 1). 
This implies that (X, т) is not an intuitionistic fuzzy generalized B connected space. This is 
a contradiction. Therefore (X, т) must be an intuitionistic fuzzy GO-connected space. 

Example 3.6 : Let X = (a, b) and О = <x, (0.5, 0.6), (0.5, 0.4)». Then t = {0~, G I~} 
is an ТЕТ on X. Let A= «x, (0.5, 0.7), (0.5, 0.3)» be an IFS in X. Then (X, 7) is an intuitionistic 


fuzzy GO-connected space but not an intuitionistic fuzzy generalized В connected space. 


Theorem 3.7 : The IFTS (X, т) is an intuitionistic fuzzy generalized B connected space if 
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and only if there exists no non-zero intuitiionistic fuzzy generalized B open set A and B in 
(X, т) such that А = B*. 

Proof : Necessity : Let А and B be two intuitionistic fuzzy generalized В open sets in 
(X, т) such that A # 0— # B and А = B*. Therefore B* is an intuitionistic fuzzy generalized 
В closed set. Since А + 0~, B # 1~. This implies B is a proper IFS which is both intuitionistic 
fuzzy generalized В open and intuitionistic fuzzy genealized В closed in (X, т). Hence (X, т) 
is not an intuitionistic fuzzy generalized B connected space. But this is a contradiction to our 
hypothesis. Thus there exists no non-zero intuitionistic fuzzy generalized B open sets А and 
B in (X, т) such that A = B*. 

Sufficiency : Let A be both intuitionstic fuzzy generalized B open and intuitionistic fuzzy 
generalized B closed in (X, т) such that 1— + A + 0~. Now let B = A*. Then B is an intuitionistic 
fuzzy generalized В open and В ғ 1~. This implies В = A* # 0~, which is a contradiction 


to our hypothesis. Therefore (X, т) is an intuitionistic fuzzy generalized В connected space. 


Theorem 3.8 : An IFTS (X, т) is an intuitionistic fuzzy generalized р connected space if and 
only if there exists no non-zero intuitionistic fuzzy generalized D open sets A and B in (X, 
т) such that B = A€, B = (BclI(A))°, A = (ВекВ))°. 

Proof : Necessity : Assume that there exists IFSs A and B such that A # 0— 2 B, В = A*, 
B = (Bcl(A))°, A = (Bcl(B))*. Since (Bcl(A))* and (Bcl(A)) and (Bcl(B))° are intuitionistic fuzzy 
generalized В open sets in (X, т), A and B are intuitionistic fuzzy generalized В open sets 
in (X, т). This implies (X, т) is not an intuitionistic fuzzy generalized В connected space, which 
is a contradiction. Therefore there exists no non-zero intuitionistic fuzzy generalized B open 
sets A and B in (X, 7) such that B = A*, B = (Bcl(A))°, A = (Bcl(B)). 

Sufficiency : Let A be both intuitionstic fuzzy generalized B open and intuitionistic fuzzy 
generalized B closed in (X, т) such that I~ # A # 0~. Now by taking В = A* we obtain a 
contradiction to our hypothesis. Therefore (X, 1) is an intuitionistic fuzzy generalized 8 


connected space. 


Theorem 3.9 : Let (X, т) be an intuitionistic fuzzy В Tus space, then the following are 


equivalent. 
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(i) (X, т) is an intuitionistic fuzzy generalized D connected space. 

(11) (X, т) is an intuitionistic fuzzy GO-connected space. 

(iii) (X, т) is an intuitionistic fuzzy C,-connected space. 

Proof : (1) = (11) is obvious from the Theorem 3.5. 

(1) = (1) is obvious from [7]. 

(їн) = (1) Let (X, т) be an intuitionistic fuzzy С, connected space. Suppose (X, т) is not 
an intuitionistic fuzzy generalized B coonected space, then there exists a proper IFS A in 
(X, т) which is both intuitionistic fuzzy generalized В open and intuitionistic fuzzy generalized 
B closed in (X, т). But since (X, т) is an intuitionistic fuzzy B Т“, „ space, A is both intuitionistic 
fuzzy open and intuitionistic fuzzy closed in (X, т). This implies that (X, т) is not an 
intuitionistic fuzzy C, connected, which is a contradiction to our hypothesis. Therefore (X, т) 


must be an intuitionistic fuzzy generalized В connected space. 


Theorem 3.10 : If f : (X, т) (Y, 0) is an intuitionistic fuzzy generalized B continuous 
surjection and (X, т) is an intitionistic fuzzy generalized В connected space, then (Y, с) 18 


an intuitionistic fuzzy C. connected space. 


Proof : Let (X, т) be an intuitionistic fuzzy generalized В connected space. Suppose (Y, с) 
is not an intuitionistic fuzzy C, connected space, then there exists a proper IFS A which is 
both intuitionistic fuzzy open and intuitionistic fuzzy closed in (Y, б). Since f is an intuitionistic 
fuzzy generalized В continous mapping, Ё! (A) is both intuitionistic fuzzy generalized В open 
and intuitionistic fuzzy generalized B closed in (X, т), But this is a contradition to our 


hypothesis. Hence (Y, С) must be an intuitionistic fuzzy C; connected space. 


Theorem 3.11 : If f : (X, т) (Y, С) is an intuitionistic fuzzy generalized В irresolute surjection 
and (X, т) is an intuitionistic fuzzy generalized В connected space, then (Y, б) is also an 


intuitionistic fuzzy generalized B connected space. 
Proof : Suppose (Y, 6) is not an intuitionistic fuzzy generalized B connected space, then there 
exists a proper IFS A such that A is both intuitionistic fuzzy generalized B open and intuitionistic 


fuzzy generalized В closed in (Y, с). Since f is an intuitionistic fuzzy generalized D irresolute 
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mapping, f! (A) is both intuitionistic fuzzy generalized B open and intuitionistic fuzzy 
generalized B closed in (X, т). But this is a contradition to our hypothesis. Hence (Y, б) must 


be an intuitionistic fuzzy generalized В connected space. 


Definition 3.12 : An IFS (X, т) is intuitionistic fuzzy generalized B) connected between two 
IFSs A and B if there is no intuitionistic fuzzy genralized B open set E in (X, т) such that 
A сЕ and E а B. | 


Example 3.13 : Let X = (a, b) and т = {0~, M, 1-) be an IFT on X, where M = <x, 
(0.5,, 0.3,), (0.5,, 0.1,)>. The (X, т) is intuitionistic fuzzy generalized D connected between. 
the two IFSs А = «x, (0.5,, 0.4), (0.5,, 0.3)» and В = «x, (0.5,, 0.2,), (0.5,, 0.5,)>. 

Theorem 3.14 : If an IFTS (X, т) is intuitionistic fuzzy generalized B connected between two 
IFSs А and B, then it is intuitionistic fuzzy С,-соппесїей between A and B but the converse 


may not be true in general. 


Proof : Suppose (X, т) is not intuitionistic fuzzy C.-connected between А and B, then there 
exists an intuitionistic fuzzy open set E in (X, т) such that A c E and Е qê B. Since every 
intuitionistic fuzzy open set is an intuitionistic fuzzy generalized B open set, there exists an 
intuitionistic fuzzy generalized | open set E in (X, т) such that A с E and E q*B. This implies 
(X, т) is not intuitionistic fuzzy generalized В connected between A and В, a contradiction 
to our hypothesis. Therefore (X, т) must be intuitionistic fuzzy C.-connected between A and B. 
Example 3.15 : Let X = (a, b} and т = {0~, M, I~} be an IFT on X, where M = <x, 
(0.4,, 0.3,), (0.2,, 0.3,)>, then (X, т) is intuitionistic fuzzy C;-connected between the IFSs 
А = <x, (0.4,, 0.4), (0.6,, 0.6,)> and B = <x, (0.5,, 0.4,), (0.5,, 0.6,)>. But (X, т) is not an 
intuitionistic fuzzy generalized B connected between А and B, since the IFS E = (x, (0.4„ 0.4,), 
(0.5, 0.5,)> is an intuitionistic fuzzy generalized В open set such that A c E and E c B°. 

Theorem 3.16 : An IFTS (X, т) is intuitionistic fuzzy generalized B connected between two 
IFSs A and B if and only if there is no intuitionistic fuzzy generalized B open set and 
intuitionistic fuzzy generalized B closed set E in (X, 1) such that A c E and E c B*. 
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Proof : Necessity : Let (X, 1) is not intuitionistic fuzzy generalized B between A and B. Suppose 
that there exists an intuitionistic fuzzy generalized B open set and intuitionistic fuzzy generalized 
В closed set E in (X, т) such that A c E c B°, then E q* B and A c E. This implies (X, т) 
is not intuitionistic fuzzy generalized B connected between А and B, by Definition 3.12. A 
contradiction to our hypothesis. Therefore there exists no intuitionistic fuzzy generalized B open 
set and intuitionistic fuzzy generalized В closed set E in (X, т) such that A c E c В. 


Sufficiency : Suppose that (X, 7) is not intuitionistic fuzzy generalized B connected between 
A and B. Then there exists an intuitionistic fuzzy generalized B open set E in 
(X, т) such that A c E and E 4 B. This implies that there exists an intuitionistic fuzzy 
generalized D open set E in (X, 1) such A c E c B,. But this is a contradiction to our hypothesis. 
Hence (X, 1) must be intuitionistic fuzzy generalized B connected between A and B. 


Theorem 3.17 : If an IFTS (X, т) is intuitionistic fuzzy generalized B connected between two 
А and B and A с; A}, B c B}, then (X, т) is intuitionistic fuzzy generalized В connected between 
A, and B}. 

Proof : Suppose that (X, 7) is not intuitionistic fuzzy generalized B connected between A, and 
В|, then by Definition 3.12, there exists an intuitionistic fuzzy generalized В open set E in (X, 
т) such that A, C E and E q* B,. This implies E c B,° and A, c E implies A C A, c E. That 
is А c E. Now let us prove that E c B®, that is let us prove E q* B. Suppose that Е q B, then 
by Definition 2.7, there exists an element x in X such that ug(x) > үв(х) and ҮЕ(Х) < na(x). 
Therefore pe(x) > үв(х) > yBl(x) and үв(х) < ив(х) < ИВЦХ), since B c B}. Hence рах) > 
B1 (x) and үв(х) < B1 (x). Thus E q B}. But E c B°. That is Eq° B, which is a contradiction. 
Therefore E д B. That is E c B^. Hence (X, т) is not intuitionistic fuzzy generalized B connected 
between A and B, which is a contradiction to our hypothesis. Thus (X, т) must be intuitionistic 
fuzzy generalized В connected between A, and B}. 


Theorem 3.18 : Let (X, т) be an IFTS and A and B be 1558 in (X, 1). If A q B, then 
(X, т) is intitionistic fuzzy generalized B connected between А and B. 


Proof : Suppose (X, т) is not intuitionistic fuzzy generalized B connected between А and B. 
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Then there exists an intuitionistic fuzzy generalized B open set E in (X, т) such that A с E 
and E с B°. This implies that A c В,. That is A q B. But this is a contradiction to our hypothesis. 
Therefore (X, т) is must be intuitionistic fuzzy generalized B connected between A and B. 
Remark 3.19 : The converse of the above theorem may not be true in general. 

Example 3.20 : In Example 3.6, (X, т) is intuitionistic fuzzy generalized В connected between 
the IFSs А and B but A is not q-coincident with B, since ДАС(Х) < ya(x) and ИВ(Х) < ya(x). 
Definition 3.21 : An intuitionistic fuzzy generalized В open set A is an intuitionistic fuzzy 
regular generalized В open set if A = gBint(gBcal(A)). The complement of an intuitionistic fuzzy 
regular generalized B open set is called an intuitionistic fuzzy regular generalized | closed set. 
Definition 3.22 : An IFTS (X, т) is called an intuitionistic fuzzy generalized B super connected 
if there exists no proper intuitionistic fuzzy regular generalized B open set in (X, 1). 
Theorem 3.23 : Let (X, т) be an IFTS, then the following are equivalent : 

(1) (X, т) is an intuitionistic fuzzy generalized B super connected space. 

(ii) For every non-zero intuitionistic fuzzy regular generalized B open set A, ёрс(А) = I~. 
(iii) For every intuitionistic fuzzy regular generalized B closed set A wih A # 1—, gBint(A) = 0-. 
(iv) There exists no intuitionistic fuzzy regular generalized [| open sets A and B in (X, т) such 
that А # 0— # B, A c B*. 

(v) There exists no intuitionistic fuzzy regular generalized В open sets A + 0~ z B, B = 
(gBcl(A))°, A = (gBel(B))*. 

(vi) There exists no intuitionistic fuzzy regular generalized B closed sets A and В in (X, 7) 
such that A * i~ * B, В = (gDint(A))*, A = (gBint(B)Y. 

Proof : (i) — (ii) Assume that there exists an intuitionistic fuzzy regular generalized D open 
set А in (X, T) such that A * O~ and gPcl(A) * 1~ Now let В = gBint(gBcal(A))*. Then B 
Is a proper intuitionistic fuzzy regular generalized p open set in (X, Т). But this is a contradiction 


to the fact that (X, 1) is an intuitionistic fuzzy generalized D super connected space. Therefore 
gBcl(A) = 1-. 
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(ii) — (iii) Let A * 1— be an intuitionistic fuzzy regular generalized D closed set in (X, Т). 
If B = A*, then B is an intuitionistic fuzzy regular generalized В open set in (X, Т) with B * 0-. 
Hence gBcl(B) = 1—. This implies (gBcl(B))* = 0—. That is gBint(B^) = 0~. Hence gBint(A) = 0~. 
(iii) — (iv) Let A and B be two intuitionistic fuzzy regular generalized D open sets in 
(X, Т) such that A * 0— + B and A © B°. Since B° is an intutionistic fuzzy regular generalized 
D closed set in (X, Т) and B # 0~ implies B° + I~. Therefore B^ = gfcl(gfint(B^)). We have 
gBint(B°) = 0~ But A С B, Therefore 0— * A = gint(gBcl(A)) С gBint(gBcl(B9) = 
gBint(gBcl(gDcl(gBint(B9))) = gBint(gBel(gBint(B^))) = gBint(B9 = 0—. A contradiction arises. 
Therefore (iv) is true. 

(iv) > (i) Let 0— * A * 1— be an intuitionistic fuzzy regular generalized D open set in (X, 
T). If we take B = (gBcl(A)), then B is an intuitionistic fuzzy regular generalized P open set, 
since gBint(gBcl(B)) = gBint(gBcl(gBcl(A))*) = gBint(gBint(gBcl(A)))° = gBint(A*) = (gBcl(A))° 
= B/ Also we get B * 0~, since otherwise, we have В = 0— and this implies (gBcl(A))* = 
0—. That is gBcl(A) = 1~. Hence A = gint(gBcl(A)) = gBint(1—) = 1~. That is A = 1~, which 
is a contradiction. Therefore B * 0— and A С B® But this is a contradiction to (iv). Therefore 


(X, 7) must be intuitionistic fuzzy generalized B super connected space. 


(i) > (v) Let A and B be two intuitionistic fuzzy regular generalized D open sets in (X, T) 
such that A * 0— + B and B = (gBcl(A))°, A = (gBcl(B))*. Now we have gBint(gBcl(A)) = 
gDint(B^) = (gBcl(B))* = A, A * 0— and A # I~, since А = 1~ then 1~  (gBcl(B))* = gDcl(B) 
= 0~ > В = 0~. But B # 0~. Therefore А * 1~ > А 15 а rope! intuitionstic fuzzy regular 
generalized B open set in (X, ©), which is a contradiction to (i). Hence (у) is true. 

(у) > (i) Let A be an intitionistic fuzzy regular generalized D open set in (X, 7) such that 
А = gDint(gBcl(A)), 0— # A * 1~. Now take В = (gDcl(A))*. In this case we get, B # 0~ 
and B is an intuitionistic fuzzy regular generalized D open set in (X, 7) and B = (gBcl(A))° 
and (gBcl(B)) = (gBel(gBcl(A)))* = gBint(gBcl(A)*)" = gBint(gBcl(A)) = A. But this is 
contradiction to (v). Therefore (X, 7) must be an intuitionistic fuzzy generalized D super 


connected space. 
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(v) > (vi) Let А and B be two intuitionistic fuzzy regular generalized D closed sets in (X, 
Т) such that A # 1— * B, В = (gBint(A))*, A = (gBint(B))*. Taking C = А апі р = B5, C 
and D become intuitionistic fuzzy regular generalized P open sets in (X, Т) with C #0— # 
D and D = (gBcl(C)), C = (gficl(D)y, which is a contradiction to (v). Hence (vi) is rue. 


(vi) = (v) can be proved easily by the similar way as in (v) > (vi). 
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IF PARAMETERIZED INTUITIONISTIC FUZZY SOFT 
SET THEORIES ON DECISIONS—MAKING 


ANJAN MUKHERJEE 


ABSTRACT : In 2010 N. Cagman et. al inroduced the notion of fuzzy parameterized fuzzy soft sets 
(fpfs-sets) and their operations. In this paper we introduce IF parameterized intuitionistic fuzzy soft sets 
(ifpifs-sets) and their operations as a generalization of Cagman et. al's work. We also show that IF 
parameterized intuitionistic fuzzy soft sets theories on decision making problems is more fruitful than 
that of fuzzy parameterized fuzzy soft sets theories on decision making problems. We define ifpifs- 
aggregation operator to form ifpifs-set decision making method that allows constructing more powerful 
decision processes. 


Key words : Fuzzy soft set, Intuitionistic fuzzy set, Intuitionistic fuzzy soft set, Fuzzy parameterized 
fuzzy soft set. 
AMS Classification : 54A40. 


1. INTRODUCTION 


In our real life problems there are situations with the uncertain data that may not be successfully 
modeled by the classical mathematics. There are some mathematical tools for dealing with 
uncertainties-they are fuzzy set theory introduced by Zadeh (1965)[12] and soft set theory 
initiated by Molodtsov (1999)[9], that are related to our work. The aim of this paper is to 
construct ifpifs-set decision making problem and to solve the problem with IF parameterized 


intuitionistic fuzzy soft set theories. 
We now give some ready references for further discussion : 


Definition 1.1[12] Let U be a universe. A fuzzy set X over U is defined by a function Н, 
representing a mapping jL,:U- [0,1]. Here их is called the membership function of X and the 
value р. (и) is called the grade of membership of ueU. The value represents the degree of 
u belonging to the fuzzy set X. Thus a fuzzy set X over U can be represented as follows: 


116 ANJAN MUKHERJEE 


X = ((Hx(uyu) : ue U, px(uje [0,1]} 


After the introduction of concept of fuzzy sets by Zadeh [12] several researches were 
conducted on the generalization of the notion of the fuzzy set. The idea of “intuitioniste fuzzy 


set" was first published by Atanassov [1]. 


Definition 1.2[1] Let a set E be fixed. An intuitionistic fuzzy set or IFS ‘A’ in E is 
an object having the form A = { (x, MAX), v,(x) : x € E) J where the function р, : E => 1I 
=[0, 1] & v, : E I7 [0, 1] define the degree of membership and non-membership respectively 
of the element x € E to the set A & for every x є E, 0 € [L,(x) + v(x) S 1. The rest part 
T(x) = 1 - р(х) - у(х) is called the indeterministic part of x and 0 S n(x) < 1. 


Definition 1.3[1] Let X be a nonempty set and the IF sets A and B be in the form 
А = { (% р(х), у(х) :x є X) }, В = { (х, а(х), vg G0 : x є X) }. 

Then 

(a) Ас B if and only if и, (х) € Hp) and v4(x) 2 ур(х) for all x є X. 

(b) А = B if and only if A c B and B c А. 

(с) A* = { (х, уд(х), рах) : x e X) }. 

(Аг B = {(% KAE) ^ MBE) уд(х) U у(х): x e Х)). 

(0) A u B = (х, a(x) U (к), уд(х) п vgG9 : x e Х)}. 

In 1999, Molodtsov [9], has inroduced the concept of soft set in the following way : 


Definition 1.4 [9] Let U be an initial universal set, and E be the set of parameters. Let P(U) 
denotes the power set of U & А с E, then the pair С = (Е, A) is called a soft set over U 
is a parameterized family of subsets of the universe U. For e є A, F(e) may be considered 


as а sets of e-approximate elements of the soft set (F, A), where F : A — P(U). 


Definition 1.5[5] Let U be an initial universe, E be the set of all parameters, А c E and 1, (x) 
be a fuzzy set over О for all x є E. Then a fuzzy soft set (fs-set) Г, over U is a set defined 
by a function т, representing a mapping t], : E — P(U) such that n,(x) = dif x ¢ A. Here 
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Na 18 called the fuzzy approximate function of the fs-set Г, over О and I’, can be represented 


by the set of ordered pairs 


Г, = (х, na) : x e E, пах) e P(U)} 


Definition 1.6[3] Let U be an initial universe, P(U) be the power set of U, E be the set of 
all parameters and X be a fuzzy set over E with the membership function Их: E — [0,1]. 


Then the fps-set Fx over U is a set defined by the function fy representing a mapping 
fx : Е — P(U) such that fx(x) = ф if p(x) = 0 


Here fx is called approximate function of the fps-set Fx, and the value fy is a set called 
x-element of the fps-set for all x є E. Thus an fps-set Еу over О can be represented by the 


set of pairs. 


Fx = {(ux(x) / x, fx(x)) : x € E, fx(x) є P(U), ux(x) є (0, 1]). 


For example let U ={u,, и,, u,, uy, us} be a universal set and E={x,, x, X4, x,} be 


a set of parameters. 
If X = {0.2/x,, 0.5/x,, 1/х„} and fx(x,) = {u,, uy}, (х) 590, 5(х,) = U; 
The fps-set Fx is written as Fx = ((0.2 / х,, {u,, up), (1/x,, U)}. 


Now the approximate functions of fuzzy parameterized fuzzy soft set (fpfs-set) are defined 
from fuzzy parameters set to the fuzzy subsets of universal set. 


Here we use Гу, Гу, ГУ,.....еїс for fs-sets and Ny, Ny, Nz-...etc for their fuzzy approximate 


functions respectively. 


Definition 1.7[3] Let U be initial universe, E be the set of parameters and X be a fuzzy set 
over E with the membership function uy : E — [0, 1] and mx(x) be a fuzzy set over U for 
all x e E. Then a fpfs-set Гу over U is a set defined by a function 1|,(х) represents a mapping 
пх: E 5 P(U) such that ту(х) = 6 if 1x (x)-0. Here ту is called the fuzzy approximae function 
of the fpfs-set Гу and the value x(x) is a fuzzy set called x-element of the fpfs-set for all 


x € E. Thus a fpfs set Гу over U can be represented by the set of ordered pairs 
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Py = ((xGQO/x, nxG9) : xe E, nyG)s P(U), iux G)e[0,.1]). 


For example assume that U = (uj, и,, us, ш, Us} is a universal set and E={x,, Ху, Хз, 
X4} 15 a set of parameters. If X = {0.2/x,, 0.5/х,, 1/х„} and mx(Gxj) = {0.5/u,, 0.3/4], nxQ) ` 
= 0, rx(G4) = U, then the fpfs-set Гу is written as 


Гу = {(0.2/x,, (0.5/u,, 0.3/u4)), (1/x,, U)). 


2. IF Parametrized Intuitionistic Fuzzy Soft Set theories on Decisionmaking. 


In this section we introduce the concept of IF Parametrized Intuitionistic Fuzzy Soft Set (ifpifs- 
set) and their operations with examples. The approximae functions of ifpifs-set are defined 


from intuitionistic fuzzy parameter (IFP) set to the intuitionistic fuzzy subsets of universal set. 


Definition 2.1 Let U be an initial universe, E be the set of IF parameters and X be a IF set 
over E with the membership function ux : E — [0,1] and non-membership function 
yx : E > [0,1] where 0 < рх(х) + yx(x) S 1 and n(x) = {(Ax(x), By(x))/u} be ап IF set 
over U for all x € E, Ax(x), By(x) є [0,1] and u є U. Then an ifpifs-set Гу over U is a 
set defined by a function 1,(x) represents a mapping Ny : E — P(U) such that n4(x) = 6 
if x(x) = 0 and yx(x) = 1. Here nx is called the IF approximate function of the ifpifs-set 
Гу and the value (x) is an IF set called x-element of the ifpifs-set for all x e E. Thus an 
ifpifs set Гу over U can be represented by the set of ordered pairs 


Гу = {(рх(х), үх(%))/х), 1х(х)) : хє E, nxG9e PU), ux(x), үх(х)є [0,1]). 


= {((Ux(x), ҮхООУх, (САх(х), Bx(x)/u)) : xe E, x(x) = (Axx), By(x))/u) є P(U), ux(x), 
Үх(х), Ах(х), Bx(x) є [0,1]}. P(U) is the family of intuitioistic fuzzy subsets of U. We denote 
the sets of all ifpifs-sets over U by IFPIFS(U). 


Example 2.2 Let U = {u,, мл, us, U4, Us} is a universal set and E={x,, Ху, X4, X4) is a set 
of IF parameters. If X = ((0.2, 0.7)/x,, (0.5, 0.3y/x., (1, 0)/х,} and пу(х,) = (0.5, 0.4)/u, 
(0.3, 0.6)/и,}, nx(x4) = 6, Nx(x,) = U, then the fpfs-set Гу is written as 


Гу = ((0.2, 0.7)/x,, {(0.5, 0.4)/u, (0.3, 0.6)u4Y), ((1,0)/x4, U)). 
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Definition 2.3 Let Г, є IFPIFS(U). If, у(х) = U for all x e E, ie, ux(x) = 1, yx(x) 50 
then Гу 1s called X-universal ifpifs-set, denoted by Гу. 


If X = E then the X-universal ifpifs-set (Ly) is called universal ifpifs-set denoted by Гу. 
Definition 2.4 Let Г, € IFPIFS(U). If, n,(x) = Ф for all хєЕ, i.e, ux(x) = 0, yx(x) = 1 
then Гу is called X-empty ifpifs-set, denoted by Tex- 

If X = Ф then the X-empty ifpifs-set (Гфу) is called empty ifpifs-set denoted by Гу. 


Example 2.5 Let U = (uj, Uy, и, ш, Us} is a universal set and E={x,, xj, X4, X,} is a set 
of IF parameters. If X = {(0.2, 0.7)/x,, (0.5, 0.3y/x4, (1, 0)/x,} and Nx(x,) = (0.5, 0.4)/u,, 
(0.3, 0.6)/u,}, nx(x4) = $, nx(x4) = U, then the ifpifs-set Гх is written as Px = {(0.2, 0.7)/ 
xj, ((0.5, 0.4)/u,, (0.3, 0.6)/u,}), ((1,0)/x,, U)j. Now, ШҮ = ((1, ОУх, (0.7, 0.2Ух,) and 
TX(X,) = Ф, Nx(x,) = Ф, then ifpifs-set Гү is a Y-empty ifpifs-set, 1.е., Гү = Гү. 

If Z = ((1, 0)/x,, (1,0)/x5), nx(x,) = О, 1x(x,) = U, then the ifpifs-set Г, is Z-universal ifpifs- 
set. 


If X = Ф, then ifpifs-set [x is an empty set і.е. Гу = Го. 

If X = E and nx (xj) = U for all x, € E (i = 1,2,3,4) then ifpifs-set Гх is a universal ifpifs- 
set, Le. Гү 

= Гү. 

Definition 2.6 Let Гу, Гү € IFPIFS(U). Then Гу is an ifpifs-subset of Гу, denoted by Гхс:Г, 


if рх(х) < р. (х), (yx(x) 2 YG) and nx(x) = ((Ах(х), Bx(x))/u) с my(x) = (Ay), By) 
u for all xe E. 


Definition 2.7 Let Гу, Гү € IFPIFS(U). Then Гу and Гу are ifpifs-equal of Гү, written as 


Гх=Гү if ox) = р, (х), (x69 = Y) апа пх(х) = ((Ах(х), Вх(хууц  my(x) = ((А ү(х), 
By(x)/u for all xe E. 


Definition 2.8 Let Гу, Гү, Г, є IPPIFS(U). Then 


(i) Tx = Гу and Гу = L7) 2 Гу = Г,. 
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(1) (Ex е I'; and 1, с Py) 2 Гх Гү 
Proof : The proofs are trivial. 


Definition 2.9 Let Гу € IFPIFS(U), then the complement of Гу denoted by Г, is defined 
by Гуё = (үхОО, ИхООУХ, 1x*(x)) : xe E, тх®х) є P(U), рх(х), Үх(х)є [0,1]}, where nx*(x) 
= (пх(х)) = U - nx(x) = {U-(Ay(x), Bx(x))/u)}=U ^ (Bx(x), Ах(х))/ш)=(Вх(х), Ax(x))/u). 


Definition 2.10 (a) Let Py, Гу є IFPIFS(U). Then union of Гу and Гу, denoted by Ty U 
Гу is defined by Ty U Ty  ((uxoY(x), ҮхСҮҮ(ХУХх), nxoYG9) 


= | (шах(их(9, нү(х)}, шицхОО, Үу(х))/х, (хх) лтуу(х))] 

= [(max{ux(x), Бүх), тїп{үх(х), Үу(х)})/х, ((Ау(х), Вх(х))/ч)} Y (Ау), ByG9yuj]. 
= [maxtux(x), Hy(x)}, тіп{үх(х), Yy(x)})/x, {max (Ax(x), (Ay(x)), min Bx(x)), By(x))/u}]. 
for all xe E. 


(b) The intersection of Гу and Г, denoted by Гу ^ Ty is defined by Ty ^ Py = {(ихс\Ү(х), 
Tx Y QO/x), nxoYY(x)) 


= [(min{ux(x), uy 09), тах{үх(х), үу(х)})/х, (xoo9ony(x] 

= [(тіп{их(х), uy 69j, max{yx(X), YyG93)/x, ((Ау(х), BxG9yu) гэ (Ах), By(x))/u}]. 
= [min{ux(x), Hy}, тах(үхО0, Yy@))/x (min (Ay), (Аү(х)), max Вх(х)), By(x)y/uj]. 
for all xc E. 

Result 2.11 Let Гх, Гү, Гг є IFPIFS(U). Then 

(i) Tx U Tx = Гх and Tx ^ Fx = Гу. 

(ii) Tox о Tx = Гх and Tox A Tx = Гу. 

(iii) Го о Tx = Tx and Ге ^ Гх = Го. 

(iv) Tx о Гр = Ге and Tx ^ Ге = Гу. 


(у) Tx о Ty = Tv u Гу and Гх n Гү = Гү ^ Гу. 
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(vi) (Ux UTy) UT, = Fxu (vo Г) and (Ix O TY) AT, = Гус (Гү aT). 
It is to be noted that if Гх + Г. or Гх # Vo then Fx УГ, Г. and Гу N Lo + [o 
Theorem 2.12 Let Гх, Гү € IFPIFS(U). Then De Morgan's laws are valid 

Oy Ce I eI nar. 

üD (Ger Ге =Г UT. 
Proof : (i) For all xe E, 


(Хо) (х), XAT) -(-xovQO. 1- YxavGoj-7(1-max[ix(), Hy), (1-аш х 
(x, Ту(х)1)) 


= тіп{1-рх(х), 1-руб(х)}, max{l-yx(x), 1-yyx)} = min{Hx°(x), Hyd}, max{yx°(x), 
Үус(х)} 


= рус Y*(x), Yxe U Y*(x) and 

n(XUYy*(x) = (хо) (х) = (пх(х)оту(х)° = (тух(х)) o (пу(х)° = эх х) o ny) 
= (By(x), Ay(x)/u) ^ (By(x), Av(x)/u) = {min(B,(x), By(x), max (Ay), Aq(x)))/u 
= (By ^ y(x), Ax U ((хуУуц = 1x° ^ ух). Hence the result. 

Likewise the proof of (ii) can be made easily. 

Theorem 2.13 Let Tx, Гү, Pz є IFPIFS(U). Then 

() Tx о Ty ^ Tz) = (Ux о Ivy) т (x о Tz) 

(1): Dx (Ev Fz) — (Ex e Гү)» (xe Гу) 

Proof : For all xc E, 

(ЕСХМСҮГҮ200, WKY о Z)(x) = {(тах[их(х), Hyn 200), (тш х(Х, Yy v 200) 
= max {Ну(Х), тіп(ру(х), шу(х))}, min (үх(х), max(ry G9, 1209) 

= min {тах(ру(х), Hy(x)), max(Hy(x))}, max (тіп(үх(х), Үү(х)), min(yx G9, 12057) 
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= HX оү) Су (X 7) 69. WX 0 Y) U (X су7) (5) апа 


Nx о (Y a ZC) = 1x(X) v niv су z)(9 = nx(X) О (Пу(х) су 72Х)) = Mx) Y Ny) с 
(nx(x)) У nz(x)) = (ll u у(х) л "lu 709) = OK UY) г (xu zpoo. 


3. ifpifs-aggregation operator 


In this section we define an aggregate IF set of a ifpifs-set. We also define ifpifs-aggregation 
operator that produce an aggregate IF'set from an ifpifs-set and its IF parameter set. 


The concept of IF Parameterized Intuitionistic Fuzzy Soft Set (ifpifs-set) and their operations 


are given in section 2. 


We define an aggregate IF set of a ifpifs-set. We also define ifpifs-aggregation operator that 
produce an aggregate IF set from an ifpifs-set and its IF parameter set. 


Definition 3.1 Let Fx € IFPIFS(U), then ifpifs-aggregation operator, denoted by IFPIFSagg, 
is defined by IFPIFSagg : P(E) x IFPIFS(U)  P(U), where IFPIFSagg (X, Ix) = Ix" and 
Ix' = ( Н Fx'(u), Y Fx'(u)yu : u € U}, which is an IF set over U. The value lx” is called 
aggregate IF set of the set l'x. Here the membership degree Гх (8) of u and the non-membership 
degree of Y Гх" (u) of и are defined as (H Tx"), Y Tx) 


= ME| È {Hy(x) АхОО, Үх(х) By(x)} 
хє E 
where Пх(х) = (A409, B,(x))/u, and [Е is the cardinality of E. 
We now construct an ifpifs-set decision making method by the following steps— 
(i) First construct an ifpifs-set Гу over U. 
(ii) Find the aggregate IF-set Ty" of lx. 
(11) Find the maximum membership ud: of Гу“ (и), and observe the values of Y Гу (и). 


Example 3.2 Now we give an example for the above concept. Assume that an office wants 


to file a post, there are eight candidates. So, О = {u}, uy, U3, Uy, Us, Ug, иу, Ug}. The recruiting 
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committee consider a set of parameters E = (x ,X5,X4,xX4,X,). The parameters x, (1 = 1,2,3,4,5) 
stands for 'experience', ‘computer knowledge’, ‘young age’, ‘good speaking’ and ‘friendly’, 
respectively. After interview each candidate is evaluated from point of view of goals and the 
constraint according to a chosen subset X = {(0.5,0.4)/x,, (0.9,0.1)/x,, (0.6,0.3)/x,} of E and 
finally the committee constructs the following ifpifs-set over U 


Tx = [(0.5,0.4)/x,, {(0.3,0.6)/u,, (0.4,0.5)/u,, (0.1,0.9)/u,, (0.9,0.1)/u,, (0.7,0.2)/u4}), ((0.9,0.1)/ 
X4, {(0.4,0.5)/u,, (0.4,0.6)/u,, (0.9,0.ТУ,, (0.3,0.6)/и, }), ((0.6,0.3Ух,, ((0.2,0.7/u, (0.5,0.4/ 
u^, (0.1,0.8)/u,, (0.7,0.3)/u,, (1.0Уц, ]. 


Thus the aggregate IF set 


Гх* = {(0.096,0.052)/u,, (0.162,0.084)/u,, (0.202,0.042)/u,, (0.064,0.084)/u,, (0.102,0.056)/u,, 
(0.154,0.034)/u,, (0.12,0)/u,). 


Finally the largest membership grade H Ux'(u)-0.202 has been chosen, and it is to be observed 
that the corresponding value of Y Ux (u) = 0.042, which means that the candidate u, is selected 
for the post. Now the question arises ‘what is the role of Y Ux'(uy? Here is the answer- In 
case the largest membership grade H Гх'(и) are same for some candidates then chose the 


candidate having the smallest non-membership grade Y lx'(u) among them. 

Example 3.3 Considering the example 2.3, we construct the ifpifs-set over U as 

-Tx = [(0.5,0.4)/x,, ((0.4,0.6Уш,, (0.4,0.5y/u., (0.1,0.9)/u,, (0.9,0.1Y/u,, (0.7,0.2//u)), ((0.9,0.1/ 
X4, {(0.4,0.5)/u,, (0.4,0.6)/u,, (0.9,0.1)/u., (0.3,0.6)/u,}), ((0.6,0.3)/x,, 1(0.2,0.7/u,, (0.6,0.4)/ 
u, (0.1,0.8Уцс, (0.7,0.3Уц», (1.0)/u,]]. 

Thus the aggregate IF set 


l'x* = {(0.096,0.052)/u,, (0.202,0.084)/u,, (0.202,0.042)/u,, (0.064,0.084)/u,, (0.102,0.056)/0., 
(0.154,0.034)/u,, (0.12,0)/u,). 


Here u, and u, have the same largest membership grade Н lx (u)-0.202, but we observe that 
the minimum non-membership value Y Гу (и) = 0.042, between u, and u,. So u, is selected 


for the post. 
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Example 3.4 Cagman et.al[3], gave the fpfs-set decision making problem by taking U = 
(uj, Uy, из, Uy, Us, Uc, цу, Ug}. With set of fuzzy parameters E = (Х,,Х,,Х,,Х,,Х,) and construct 
fpfs-set Гх-4(0.5Ух,, (С0.3Уц,, (0.4)/u., (0.1)/u,, (0.9Уц,, (0.7)/u5}), ((0.9)/х,, (0.4Уц,, (0.4)/ 
Uy, (0.9)/u,, (0.3)/и, }), ((0.6)/x,, ((0.2)/u,, (0.5Уц,, (0.1)'us, (0.7)/и,, (1Yu4])], where X = 
{(0.5)/x,, (0.9)/x4, (0.6)/x,} of E. 


Thus the aggregate IF set 
Px” = ((0.096)/u,, (0.162)/u,, (0.202)/u,, (0.064)/u,, (0.102Уц,, (0.154/и», (0.12y/u,). 
Finally the candidate u, having the largest membership grade had been chosen for the job. 


But we observe that if X = {(0.5)/x,, (0.9)/x,, (0.6)/x,} of E and if Ix = [00.5)/х,, {(0.3)/ 
u^, (0.4)/u,, (0.1)/u,, (0.9)/u,, (0.7У 51), ((0.9)/x., ((0.4)/u,, (0.5)/и,, (0.9)/u., (0.3)/u,}), ((0.6)/ 
x,, {(0.2)/u,, (0.6)/u,, (0.1)/us, (0.7), (1)/u,})] then the aggregate IF set 


Dx" = {(0.096)/u,, (0.202)/u,, (0.202)/u,, (0.064)/u,, (0.102)/u,, (0.154/u,, (0.12)/ug}. Then и, 
and u, have the same largest membership value. So, it is not possible to select one between 


the two candidates. In this case we need the ifpifs-set theories. 


Conclusion : Cagman et.al[3], gave the fpfs-set decision making problem. Here we construct 
ifpifs-set decision making problem, which is more fruitful incase when the candidates having 


the same largest membership grade Н Ux" (1) 


REFERENCES 


1. Atanassov, K., Intuitionistic fuzzy sets, Fuzzy Sets and Systems 20(1986) 87-96. 
2. Aktas, H., Cagman, N., Soft sets and Soft groups, Information Sciences, 1(77)(2007) 2726-2735. 


3. Cagman, N., Citak, Е., Enginoglu, S., Fuzzy parameterized soft set theory and its applications, 
Turkish Journal of Fuzzy Systems, V-1 (1) (2010) 21-35. 
4. Feng, E, Li, Changxing, Davvaz, B., Ali, M.I., Soft sets combined with fuzzy sets and rough sets : 


a tentative approach, published on line 27th june (2009) (Springer) (Soft comput DOI 10.1007/ 
s00500-009-0465-6). 


ЇЕ PARAMETERIZED INTUITIONISTIC FUZZY SOFT SET THEORIES 125 


5. Maji, P.K., Biswas, К. Roy, А.К. Fuzzy soft sets, Journal of Fuzzy Mathematics, 9(3)(2001)) 
589-602. 


6. Maji, Р.К. Biswas, R. Roy, А.К. Intuitionistic fuzzy soft sets, Journal of Fuzzy Mathematics, 
9(3)(2001) 677-691. 


7. Maji, РК. Biswas, К. Roy, А.К. Soft set theory, Computers anc Mathematics with Applications, 
45(2003) 555-562. 


8. Maji, Р.К. Biswas, К. Roy, A.R., An application of soft sets in a decition making problem, 
Computers and Mathematics with Application, 44(2002) 1077-1083. 


9. Molodtsov, D.A., Soft set theory-first results, Computers and Mathematics with Applications, 37 
(1999) 19-31. 


10. Majumder, Pinaki and Samamta, S.K. Generalised fuzzy soft sets, Computers and Mathematics 
with Applications 59 (2010) 1425-1432. 


11. Roy, A.R., Maji, P.K., Afuzzy soft set theoretic approach to fuzzy decision making problems, 
Journal of Computational and Applied Mathematics, 203 (2007) 412-418. 


12. Zadeh, L.A., Fuzzy Sets, Information and Control, 8 (1965) 338-353. 


Anjan Mukherjee 


Department of Mathematics, Tripura University 
Surjyamaninagar, Agartala-799022 

Tripura 

INDIA 

Email : anjan2002_m@yahoo.co.in 


SEQUENTIAL INTERIOR OPERATORS 
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ABSTRACT : In this communication, operators from ( P(X))" into itself that behave like usual interior 
operator and their components are introduced. It is also observed what do the operators and their 
components produce and what are the relations among themselves. Two dimensional contraction (in some 
sense) of members of (P(X))" plays the main role in this article. 


Key words and phrases : Sequential sets, sequential interior operators, components of sequential interior 
operators. 
AMS Mathematics Subject Classification (2010) : 54A10, 54A05. 


1. INTRODUCTION 


As in case of Kuratowski closure operaor, kQ-closure operaor [8] generates sequential topology 
[4,7] on the underlying set. On the other hand, components of monotonic sequential operators 
[9] yield generalized open sets [1, 2, 3, 5, 6]. However, in this paper we introduce the concept 
of sequential interior operators and study some properties of them analogous to that of KQ- 
closure operators. For this we provide some basic definitions and results as ready references 
that will be used in sequel. As in [4, 7, 8, 9] any sequence A(s) = {4,}, where 4, c X for 
all n € N is called a sequential set in X and 4, is called n't component of A(s); we write 
Р (A(s)) = A,. Thus sequential sets in X are precisely the members of (P(X))*. If each 
A, = X ne № then the corresponding sequential set is denoted by X(s) and Ф(5) denotes 
the sequential set having each term equal to Ф. If F(s) є (P(X))" and А є P(X) the ,F (s) 
denotes the sequential set obtained from F(s) replacing n^ component of it by 4. A sequential 
set A(s) = {A,} is said to be contained in a sequential set B(s) if A, с B, for all n e N and 
it is denoted by A(s) c B(s) or B(s) 2 A(s). If A(s) c B(s) and B(s) C A(s} then A(s) and 
B(s) are said to be identical and write A(s) = B(s). The union and intersection of the sequential 
sets A(s) = {A,} and B(s) = {B,} in X are defined as A(s) U B(s) = (4, U В,) and 406) 
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N B(s) = 14, ^ В, } respectively. The complement of B(s) in A(s) is denoted by A(s)-B(s) 
and is defined by A(s)—B(s) = {4,-В, }. Х(5)-4(5) is called the complement of A(s) and it is 
denoted by A4*(s). Let X be а non-void set. A subset т of (P(X))" is called a sequential topology 
(briefly ST) on X if 

i т contains X (s) and ds), 

й. t is closed under arbirary union, 


iii. t is closed under finite intersection 


and ordered pair (X, т) is called a sequential topological space (STS). The members of т are 
called т--ореп sequential sets or open sequential sets simply, if no confusion arises. A sequential 
set A(s) is said to be closed if its complement is open. For any topology D on X, D" forms 
an ST on X, called the ST generated by D and is denoted by т < D >. In an STS (X, т) the 
collection D, (т) of the n components of members of т forms a topology on X and is called 
the n” component topology of t on X. If A(s) = (4,) € л, then A, € D, (1) for each n € 
М, but the converse 15 not necessarily true. The closure (resp. interior) of a sequential set A(s), 
denoted by A(s) or СІ (4(s)) (resp. A(s)? or Int, (A(s)), is defined to be the intersection (resp. 
union) of all closed (resp. open) sequential sets containing (resp. contained in) A(s). In an STS 
(X, т) the following hold : (1) 46) c A(s), (2) X(s) = Xs) and Ф(5) = Ф), 
(3) A(s) = AG). (4) AG) U BG) = AG) UB(), (5) AG) П BG) c AG) П BG), (6) А 
sequential point p — (x, P) € A(s) if and only if every weak neighborhood of p and A(s) 
are intersecting, (7) For any sequential set A(s), A(s) = A(s) \) A'(s), (8) A(s)? c A(s), (9) 
Ф(8)7 = Ф(5) and Xs)? = X(s), (10) (A(s)°)? = AQ, (11) (AG) су BG)? = AGS)? U BEY’, 
(12) A(s)° U B(S)? c (A(s) о В(зу)°, (13) AG) = XG) - (X6) — ACS)”. 


2. Sequential interior operators, their components and relative interior operaors. 


Let’s begin with the operator M in the following Example 2.1 that makes sense to define 


sequential interior operators : 


Example 2.1. Consider the operator M : (P(X)" — (P(X)" Defined by M(A(s)) = 


oO 
= Цар V A(s) = (4,) e (P(X))™. It is not hard to check that 
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(i) M(A(s)) c A(s) for all A(s) e (Р(Х) 

(i) M(X(s)) = X(s) 

(iii) M(M(A()) = M(A(s)) for ай A(s) e (PODY 

(iv) MN Ajs)) = N M(A,(s)), where A(s) e (P(X)", i = 1(1)n. 
Considering this as a model, we define sequential interior operator as follows : 


Definition 2.1. Any operator J : (P(X))N > (P(X) possessing the afore-mentioned properties 
(i), (ii), (11) and (iv) of the operator M in Example 2.1 is called a sequential interior operator 
on (Р(Х))^. 

Theorem 2.1. Let I : (P(X)" -» (Р(Х) be a sequential interior operator Then 
t; = {A(s) : A(s) € (P(X))N, K(A(s)) = A(s)) = forms an ST on X and KA(s)) = A(sy», for 
all A(s) є (P(X))N, where A(s} is the interior of A(s) in (X, т). 


Proof : Proof is straightforward. 

Definition 2.2. т, = {A(s) : A(s) € (P(X))N, I(A(s)) = A(S} is called the sequential topology 
(ST) generated or induced by the sequential interior operator 7 : (P(X))N — (P(X. 
Definition 2.3. Let X be a nonvoid set and 1: (P(X))N — (P(Xy)N be a sequential interior 
opeator. A function 7, : P(X) > P(X) defined by 7, (4) = P,((,X,(s))) V 4 c X is called 


the n^ component of J. 


For the identity operator 7 on (Р(Х))“ which is obviously a sequential interior operator, 
the л component of the interior of a sequential set in (X, tj) is equal to the interior of the 
n" component of that sequential set in (X, D, (Tp) but, in case of Example 2.1 they are not 


equal. 


Example 22 д? component 4, 2 Р(Х) -» Р (Х) of both the identity operator on (P (Хул апа 


the seqneutial interior operator in Example 2.1 is defined by 


I, (A) = A, for all 4 c X 


SEQUENTIAL INTERIOR OPERATORS 129 


Theorem 2.2. For any sequential interior operator I : (P(X) — (P(X))h, the operator 
C : (P(X)hN > (P(X))^ defined by 


C(4(s)) = XG) — КХ(з) — A(s)) V Ав) є СФСОУ 
is a KQ-closure operator [8] and 
с) =X-I(A)VACXandV ne № 
Proof : We leave proof of this theorem for readers, rather we prove the following. 


Theorem 2.3. Let X be a nonvoid set. If I: (P(X))" — (Р(ХУУ is a sequential interior operator 
then each component І, : Р(Х) > Р(Х), n є N is an interior operator. Also D (т) = I, Ч, 
where 1, is the ST on X induced by the seqneutial interior operator 1: (P(X)'N 25 (P(XyN 
and І т is the topology on X induced by the component I, : Р(Х) > Р(Х) of п є М. 


Proof. Let A є P(X). Then, 7(,X,(s)) c ,X,(s) = A) c A. By definition it follows that 
X is a fixed point of J. Now, 


Xj (AMS) с Xs) 
=> 10,0405) с 1GXG) 
= — L4) c LA. 
Also, IZ (,X,(s))) = I(,X,(s)). 
Clearly, 1(,X4)) с IX, (AMS) 9 IU GX,G)) c 1GX, (X). Hence, 
IZL © 16,Х,(4Х8) > 1) с LG. 
Therefore we have, I, (I,(A)) = 1.04). 


Let 4, € (P(X), i = 1(1)л. Now, 
I X) = UGX) 


=> IGX. a (8) = GX a(S) 
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=> І.(ПА)= П1,(4). 
Hence 1, is an interior operator. 


For the last part, let 4 є D, (t,). Thus A is an open set and hence there is an open sequential 
set B(s) = {B,} in (X, т) such that B, = A. Now, 


B(s) с ,X,(s) => LBS) c К,Х,8)) 
> Вос 10,0) ә Ас, (0) c4 
-  L(4-Ae,t. 
Again let A є I, т. Therefore, I (А) = A. 


Let B(s) = I(,X,(s)) then B(s) is an open sequential set and its n" component is 1, (4) = 
A [Since, 4 є It]. Therefore, 4 є ШР, (ту) and the proof is done. 


Note 2.1. 7he sequential interior operator in Example 2.1 generates an ST on X but it is not 


discrete though every component of this operator induces discrete topology on X. 


Definition 2.4. Let X be a nonvoid set, F(s) be a sequential set in X and /: (P(X) > (P(X))N 
be a sequential interior operator. A function J," : Р(Х) — P(X) defined by 1," (4) = Р, 
(K,F,(s))) is called n^ relative interior operator of J with respect to F(s). 


Note 2.2. 11: (Р(Х))“ — (Р(ХУУ is a sequential interior operator then obviously 1,9 = 


І and consequently 1*9* =I т, 


Theorem 2.4. Let X be a nonvoid set and I, F9 : Р(Х) — Р(Х) be a relative interior operator of 
the sequential interior operator I : (P(X))N > (P(X))N with respect to sequential set F(s). Then : 


(1) is ©) is contractive, 
(ii) 1,59) is idempotent, 
(iii) I," commutes with finite intersection, 


(iv) X need not be a fixed point of 1,Ё9), 


/ 
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Proof. (1) Let 4 є P(X). Then 
K, Fs) c ,FíG) 
э LFA) cA. 
Therefore J") is contractive. 


(ii) Let 4 є Р(Х) then 18 () (4) c A. Therefore 


(5) 
nF r A'S, FO 


> а BSA) 


п 


(5) € IC FCs) 


= и y с OW 


Also, I(I(, F(s)) = K(,F,(s)). Since 


IC FG) c nF Foy) 


n 


=> M FC Ane. (5) 


F(sXA) 
n 


> EADE MAF руду D 


Ё(5)СА) 

n 

= 1Р0) ду с ТРЕ) ду). -» (2) 
n n n 


Combining (1) and (2), we get [x (А) = pw ps (A)). Hence 18 (9 is idempotent. 
(iit) Let 4, є P(X), i7 1(1)m. Now 


т т 
КП Fag) = QIGE gi 


i 
$ 
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m 
э Em D= fF) 
N Ai 
= | 
F(s) A A F(s) 
=P А) = 12 OA). 
" i=l bd 
That is, 1,709) commutes with finite intersection. 
(iv) Let X be a nonvoid set. Define a function J: (P(X))N — (P(X))N by 
I(A)(s)) = $(s) whenver A(s) x A(s) 
= X(s) whenver A(s} = X(s) 


It is a sequential interior operator and for any sequential set F(s) + X(s) in X, Г Р(Х) = ф 
for all those л € N for which РД) # X(s). 


3. DENSITY PROPERTY OF SEQUENTIAL SETS 


KQ-closure operator [8] expands a sequential set and sequential interior operator contracts. 
This section mainly deals with two kinds of sequential sets, one is extremely expansive and 
other is exremely contractive under some KQ-closure and sequential interior operators. We 


should mention that some examples used in this section are invited from [10] 


Definition 3.1. Let X be a nonvoid set. Seppose С : (P(X))N > (P(X))N be a KQ-closure 
operator and 1: (P(X))N — (P(X))" be a sequential interior operator, then (X, C, J) is called 
KQ-space. 

Definition 3.2. Let (X, C, J) be a KQ-space. The closure operator C, : (P(X))N  (P(X))h 
induced by the sequential interior operator 7: (P(X))N — (P(X) is defined by C K(AXs)) = 
X(s) — I(X(s) — A(s)) for ай {А })° є Р(Х)". 

Definition 3.3. Let (X, C, Г be a KQ-space. The sequential interior operator Г: (P(X)N э 
(P(X)'N induced by the KQ-closure operater С : (P(X))" — (Р(Х))“ is defined by 1-(469) 
= Xs) — C(X(s) — A(s)) for all {А }° є POD". 
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Definition 3.4. A sequential point @ = (x, Р) in a KQ-space (X, C, J) is called I-limit point 
of a sequential set A(s) = (A, |” іп X if for any sequential set B(s) such that a є, J(B(s)) 
= {Н} ы either 


(4) x € H, (1 A, for some n ¢ P 
or (b ус H, f) A, for some n e N and y # x. 


Definition 3.5. In a KQ-space (X, С, D), a sequential set A(s) = (A,]7 is said to be I-open 
if КА(5)) = A(s) and C-open if 1-(4(5)) = A(s). 


Note 3.1. Let D be a topology on a nonvoid set X. Then Cp : (P(X)h — (Р(Х) defined 
by Cy(AY5)) = (cl(A,)),., for all A(s) = {А |, € (P(X))" is a KQ-closure operator, where 


‘cl’ denotes the closure operator in (X,D). 


Note 3.2. Let D be a topology on a nonvoid set X. Then I, : (P(X) — (P(X) is a sequential 
interior operator defined by 1,(4(5)) = {int(A,)}"_, for all A(s) = {А}, € (Р(ХУУ, where 
'int' denotes the interior operator in (X, D). 


Definition 3.6. A sequential set A(s) in a KQ-space (X, C, D is said to be (@ )C-dense if C(A(s)) 
= Xs). If further С.(4,) = X for all n e N then А(5) is called C-dense in (X, C, D. 


Definition 3.7. A sequential set A(s) in a KQ-space (X, C, J) is said to be (@)/-dense if C,(A(s)) 
= X(s) If further C, (4,) = X for all n € N then A(s) is called -dense in (X, C, D. 


Note 3.3. Let C and I be the closure and interior operators in an STS (X, t). Since т. = 
T; = T, the space (X, т) can be identified with the KQ-space (X, С, I). 


Example 3.1. Let X = {1,2,3,4} and т = (08), A(s), B(s), C(s), D(s), E(s), F(s), G(s), H(s), 
M(s), N(s), P(s), О(ѕ), R(s), 5(5), T(s), X(s)), where 


Á(s) = DEL 4, 


{1}; whenever n is odd, 


$0; whenever n is even. 
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B(s) = {В} = {3}; whenever n is odd, 


nm] › 


= фф; whenever п is even. 


C= {e a Cy =  $; whenever n is odd, 


= {1}; whenever n is even. 
D(s = {Р}; D, = 6; whenever n is odd, 
= {2}; whenever n is even. 


Е(5) = (E p Е = {1,3}; whenever n is odd, 


n 


= фф; whenever n is even. 


IS) AG) 28, {1}; FOR ALL лє № 

G(s) = {С}? ; = {1}; whenever n is odd, 
= {2}; whenever n is even. 

Н(8) = {Н}? Н, = {3}; whenever n is odd, 


= {l}; whenever n is even. 


M(s) = {М}? ; M, = {3}; whenever n is odd, 
= {2}; whenever n is even. 


Ms) = {М р = 0) whenever n is odd, 


nal , 


= {1,2}; whenever n is even. 


PS) = TPY .FP = {1,3}; whenever n is odd, 


п 


— {1}; whenever n is even. 


Xs) = {О}; О, = {1,3}; whenever n is odd, 


= {2}; whenever n is even. 


Rs) OR) A = {1,3}; whenever n is odd, 
N 
; = {1,2}; whenever n is even. 
4 ON x 
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S(s) = {5}; 5, {1}; whenever n is odd, 


! 


(1,2); whenever n is even. 


Ns) = pa {3}; whenever n is odd, 


{1,2}; whenever n is even. 
The sequential set U(s) = (U,)7,, where 
U, = {1,2,3}; if n is odd, 
= {1,2,4}; otherwise 


is C-dense in the KQ-space (X, C, J), where C and Z are the closure and interior operators 
in the STS (X, +). 


Theorem 3.1. Let D be a topology on X. In the KQ-space (X, Cp, Ip) if a sequential set A(s) 
= {А}? is (m)C-dense then it is C-dense. 
Proof. Since A(s) is (@)C-dense then С,(4(5)) = X(s). Again from the definition of Cp we have 
Cp(A(3)) = (cl(A,));.., Thus X(s) = {cl(A,)}2_, = X = СКА). Hence the proof is completed. 
Note 3.4. In the KQ-space (X, Cp, Ip), C-density and I-density are same. For, 
Cy 43) X(s) — Ip(Xls) — А(5)) 

= Xs) — Ip{X - А„} 

= Xs) – {int{X — A,)} 

= {X - in(X - 4,)} 

= (eA 

= C,(AG)). 
Note 3.5. Let KQ-closure operator C and sequential interior operator I be connected by 


C(AXs)) = X(s) — I(X(s) — A(s)), for any sequential set A(s) in the underlying set X. Then 
C-density and I-density in the corresponding KQ-space (X, C, I) coincide. 
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Definiton 3.8. A sequential set A(s) in KQ-space (X, C, Т) is said to be (o)CI-nowhere dense 
if (C(A(s))) = Os). If further Z(C,(4,)) = ф then A(s) is called CI-nowhere dense. 


Example 3.2. In Example 3.1 the sequential set ИЗ) = {У}, where 


V, = {2}; when n is odd 
= {3}; otherwise 
is Cl-nowhere dense. Because, C(V(s)) = {2,4}, {3,4}, {2,4}, {3,4}........ and so, IC(V(s)) = 


9 (s) along with 1(C(V,,)) = ф. 


Note 3.6. From the Definitions 3.6 and 3.8 we observe that C—dense and Cl-nowhere dence 
sequential sets are also (0) C-dense and (0) Cl-nowhere dense sequential sets respectively. 


But the converses need not be true as seen from the following example. 


Example 3.3. Consider X = {1,2,3,4} and t = ($(s), A(s), B(s), C(s), D(s), X(s)}, where 


A(s) = (Aa; 4, = {1}; n is odd, 
= ф; п is even. 
B(s) = (В,)2,:8, = {1,3}; n is odd, 


= X; n is even. 
C(s) = {с}; С. = {3}; n is odd, 

= ф; п is even. 
Dis) = {р}; D, = {1,3}; n is odd, 


= $n is even. 


Then the sequential sets U(s) = (U,)^, and Mis) = (V )?, defined by, 
U, = {1,3}; n is odd, 
= ф, п is even. 
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ES {2}; п is odd, 
= X n is even. 


are (@)C—dense and (w)C/-nowhere dense respectively іп the KQ-space (X, C, I), where С 
and / are the closure and interior operators in the STS (X, т). But neither U(s) is C-dense 


nor F(s) is C--nowhere dense in (X, т). 


Theorem 3.2. Let D be a topology on X. In the KQ-space (X, Cp, Ip) if a sequential set A(s) 
= (А), is (@)Cplp-nowhere dense then it is CpIp-nowhere dense. 


Proof. Proof is omitted. 


Theorem 3.3. Let A(s) be a sequential set in a KQ-space (X, C, T) so that СО) c C((4(3)) 
and I-{I(A(s))) = I(4(s)) and I-((A(s)) = КА(5)). Then C((A(s))) - I(Afs)) is (@)CL-nowhere И 


dense. 


Proof. Assume that J((C(C((A(s))) — KA(s))) * $ (s). So there exist-at eaa one sequential " 
point a = (x, P) such that a = (x, P) є ЦС(С((46))- КА(5)))). As KE(CHAG)) - Jay" 
is /-ореп, there exists а open sequéntial set G(s) = {С} such мэ | 


n-l 
ae Gs) c KC(CQ4(9) - KA) 

c C(C(KAG)))) — KA(s))[sincé I is contractive] 

= C(KA(s)) - K4(s))since I(A(s)) is C-open] 

c C(4()) — K4(s). 
We claim that none of the sequential points belonging to ҚА(5)) is an A-limit point of C,(I(4(s))) 
~ KA(s)). If B = (у О) e KAC), then there exists an Г-ореп sequential set G,(s) such that 
В = (у О) e G,(s) c K(4(s)) Since G (5) is an 277 of D, it is also a I-weak nbd of В with 
GG) N (CUA) — HAG) = ф (8). So B € „ CAC) - КА). Since G(s) c CIA) 
- KA(s)) = B е, G(s). Therefore we have KA(s)) c G*(s), this implies C(I(4(s))) с C(G*(s)) 
= Сев) Thus we get G(s) c C{I(A(s))) - КА(5)) c G*(s) – KAG), which is a contradiction. 
Therefore, C(KA(s))) — J(A(s)) is (@)CI-nowhere dense. 
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